Lec 10: Covariant Derivative

March 7, 2006

1 How do we make a tensor using a derivative?

In special relativity, to make larger rank (number of indices) tensors from lower rank tensors, one can take deriva-
tives of lower rank tensors. the reason is that the operator d, obeys the tensor transformation rule under Lorentz
transformations no matter what it is operating on. One then naturally asks whether J, obeys the tensor transfor-
mation rules under general coordinate transformations. The answer is no, as we will now show.

Suppose you take a derivative of a vector V¥ as

0, V"

and ask how it transforms under general coordinate transformation:
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Hence, we see that the last term transforms like a tensor, but the first term does not because there is a derivative
of one of those coordinate transformation factors (hence, a second derivative term). If we can add something to
cancel the offending term, we can have a tensor.

One notes that the Christoffel symbol that we defined in the lecture on equivalence principle has a similar
transformation property under coordinate transformations:
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Hence, we see that I'Y 5 also has an inhomogeneous piece which does not transform like a tensor (although the last
term does).



Now consider how FZ ﬁvﬁ transforms under coordinate transformations:

Oz 0%z dx'" oz Oxf 9’8
v B y "
tusV " [6337 0202 | e un P ol oz¥ v
B oz 8%z o8 ¢+ oz 8x® Oz N ox'B
927 02" 9z'P dzv Oz Ox'w 9x'B~ ?% o
oz 9 0z 0z'8 oz Hz%
¥ v 10

oz 0z'P [633’”] Ox¥ * Oz Hx'm LseV
oz o Oz ox'" Oz®
-~ - % v 179

Oz Oz [(%’N]V Oz Oz'+ sV

0 9" ba7 dz7 & Oz dx'” dz?

= v [ e v 170
) ox'r dx¥ [8;1:7 Ve + LoV

VY

Oz¥ " Oz Ox'» Oz Ox'#
0 oz 9% ox'" oz®
_ v Y _ P Y y/0
T oxY [0 “]V ox't Ox¥ Oz + Oz Oz'm F‘MV

_ 0z a0 O,

~ Ox'M §z¥OxY Oz dx'm 9?
Hence, we see that the first term of the last line would cancel the first term of Eq. (1) if they were added. In other
words, we have found
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which is a tensor transformation law. The generalized derivative operation which transforms as a tensor is called
a covariant derivative:
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V.VY =08,V" +Ty5V7.
Similarly one can show that
V.V, =8,V, -5, Vs
transforms like a tensor. Note the minus sign for the I “acting” on the lower index.

2 General rule

In general, the covariant derivative of a tensor gives another tensor, and it can be written as
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Note that the gravitational force equation that we wrote previously can be written succintly as
UFV,UY =0 (2)
where i
gu = 3
dr

is the 4-velocity since
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Eq. (2) is called the geodesic equation. As we will later see, curves z” satisfying the geodesic equation has the
interpretation of “straight lines” on curved surfaces.



