Solutions to Problem set 1

1st February 2006

Problems

1. Give the units of force, acceleration, and energy in geometricized units. In each case, what is the quantity that
one must multiply to return to conventional units?

answer

As we learned in lecture 1, in geometricized units, we have

(ML) 1 1L

force: [F] = ]2 X { %i X ] = dimensionless
ion: Tal = 1 L
acceleration: [a] = 1] X /0T (L]

energy: [E] = [F][L] = []
To get back to normal units, multiply the geometricized unit quantities by following;:
A

force — force—
Gn

acceleration — accelerationc?
A
energy — energy —
Gn

2. Suppose Newton’s second law is changed to ~ )
F =mZ+ k%

where k is a constant while the Newtonian gravitational force law remains the same. Suppose the force F on
mass m at point F is generated gravitationally by a mass M at position X.

a) Just as in class, show that the system is invariant under the transformation
t—t+T7
Z— RZ
where R is a rotation matrix satisfying RT R =identity matrix and 7 is a constant.

answer

Gravitational law is

8

mMﬁ:mf+mff

8

Under the transformation
t—>t+71

¥ — RZ



we have

-7 - [R(X-2)|=(X-DTRIREX -7) = /(X - 97X - 7)

X-z W s RX -7
% =mI+ KT — mM(_,i_‘)
|X —Z)3 X — 23
Hence, this modified Newton’s law remains invariant under the rotation and time translation parts of the Galilean
transformations.

mM = mRZ + kRZ

b) Which part of the Galilean transformation is not obeyed by this modified second law?

answer

Clearly £ — Z + ¢t does not leave kZ invariant.

- .
2

3. We know that €¥/%8; A;, = (V x A)? in Cartesian coordinates in Euclidean space.

a) Prove the identity
%'kfzmk = 6;10jm — Oimbji

b) Use the index notation to show that

— -, -,

Vx(VxA)=V(V-4) V4

answer
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4. Using the explicit form of the rotation matrix R given in lecture 1, verify that (RT) R’ = §%,.

answer
cosy siny 0 1 0 0 cos¢ sing 0
R=| —siny cosy 0 0 cosf sind —sing cos¢ O
0 0 1 0 —sinf cosd 0 0 1
cos¢p —sing 0 1 0 0 cosyp —siny 0
RT = | sing cos¢p O 0 cosf —sinf siny cosy O
0 0 1 0 sinf coséd 0 0 1
Now, note
cosyp —siny 0 cosy siny 0 1 0 0
siny cosy 0 —siny cosyp 0 | = 0 1 O
0 0 1 0 0 1 0 01

and similarly for others. Hence
RTR = unit matrix

5. Derive 1
L q
t, ==
9(t7) Amr, — U - T
from

1 p(t —ri2,7)
t ) — d3 )
ot 7 T / "2

T2

where the notation is identical to that in the lecture notes when we talk about a point charge ¢ with constant
speed v moving along the z-axis with the initial condition of charge being at x =0 at ¢t = 0.

answer
Start with
p(t - T12,T_"2) = q5(3) (FQ - ii'U(t - Tlg))
T2 = \/(Tl —r2)i(r1 —12);
Hence,

o7 = - /d3 Pt = 112,7)

3 i, O(r2a — vt = V(e —r2)i(ry —12)i))8(r2y)d(r22)
47r V(L —r2)i(ry — r2);
/d 7'2;v - 'U(t - \/(le - Tgw) + le + le))
= -— Tox
(7'12: - TQJI) + T%y + T%z

_ _/dTZz 5(7'2w _7‘2w*)
4:7{' (1

v(rie—rae) \/ 2 2 2
— Tig — T +ri, +r
Vo=V (i = ree)® iy i

where 1o, satisfies rog. — v(t — \/(rhc — Togx)? + r%y +r%,) = 0. Writing r1, = z,r1, = y, and r1, = 2, we find

1
ar (\/(Z’ - T2$*)2 + y2 + 22 — 'U(-'L' - TQz*))

Toge — V(t — /(T — roga)? + 42 +22) = 0 (1)



Let

Ty = \/(:17 —Togx)? +y2 + 22 (2)

which has the interpretation of the distance between the observer and the charge at the time when the Coulomb field
was “emitted.” We can then rewrite Eq. (1) as

Togs — V(t —74) = 0. (3)
Let
t'=t—r.

which has the interpretation of retarded time (which is the time at which the Coulomb field was “emitted”) Eq. (3)
then becomes
Toze = vt

which in turn allows us to write Eq. (2) as

re= /@ —or) + g2 22 (4)

which is what we wanted. Finally, we can reexpress the potential as

o4 =
¢(t7 'T) T Ag (r* - ’U(.’L’ - r2z*))
q 1

A7 (1 = @)y’

Tx

In light of Eq. (4), let 7, be the vector
7 = (z — vt y, 2).

Since x — vt' is just the & component and ¥ = v, we arrive at

ot =L 1

AT vy — U - o



