
Homework 3 (due: 10/18/07) solutions:

1. Dodelson pg. 136, #5

The time-space component of the Einstein tensor is given by

G0
i = R0

i = g00R0i =
1

−(1 + 2Ψ)
R0i (1)

since the metric is still diagonal. Explicitly

R0i = Γα
0i,α − Γα

0α,i + Γα
βαΓβ

0i − Γα
βiΓ

β
0α.

Now, we know from our previous Einstein tensor computation experience that the R0i vanishes if the per-
turbations are 0. Hence, we only need to compute the perturbation part:

Γα
0i,α = (

1
2
gαλ[g0λ,i + giλ,0 − g0i,λ]),α

= (
1
2
[−2Ψ,ig

α0 + gαλgiλ,0]),α

=
1
2
[(−2Ψ,ig

00),0 + (g0λgiλ,0),0 + (gkλgiλ,0),k]

=
1
2
[2Ψ,i0 + (giigii,0),i] (no sum)

=
1
2
[2Ψ,i0 + (

1
a2(1 + 2Φ)

(a2(1 + 2Φ)),0),i]

= Ψ,i0 + Φ,0i

Similarly, one can compute the rest as

−Γα
0α,i = −3Φ,0i −Ψ,0i

Γα
βαΓβ

0i =
∂ta

a
[3Φ,i + 4Ψ,i]

−Γα
βiΓ

β
0α =

−∂ta

a
[3Φ,i + 2Ψ,i]

Hence, we �nd

R0i = −2Φ,0i +
∂ta

a
2Ψ,i

Using Eq. (1), we thus �nd

G0
i = 2∂i[

Φ̇
a
−HΨ]

where the dot corresponds to conformal time derivative. In Fourier space, ∂i → iki. Hence, we �nd

G0
i = 2iki[

Φ̇
a
−HΨ].

Since the stress energy tensor is

T 0
i = a

∫
d3p

(2π)3
pi(gdmfdm(t, ~x, ~p) + gbfb(t, ~x, ~p) + gγfγ(t, ~x, ~p) + gνfν(t, ~x, ~p)],

if we recognize

fγ = f (0)
γ − p

∂f
(0)
γ

∂p
Θ

fν = f (0)
ν − p

∂f
(0)
ν

∂p
N
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and use the nonrelativistic approximation for the dark matter and baryons, we �nd

T 0
i = a[ρdmvi + ρb(vb)i +

∫
d3p

(2π)3
pi(−gγp

∂f
(0)
γ

∂p
Θ− gνp

∂f
(0)
ν

∂p
N )]

= a[ρdmvi + ρb(vb)i + 4
∫

d3p

(2π)3
pi(gγf (0)

γ Θ + gνf (0)
ν N )]

where we have used pi = pp̂i and integrated by parts. Now, Fourier transforming and using no-vorticity
condition:

vi → vk̂i

(vb)i → vbk̂i.

Hence, we have

2iki[
Φ̇
a
−HΨ] = 8πGa[ρdmvk̂i + ρbvbk̂i + 4

∫
d3p

(2π)3
pi(gγf (0)

γ Θ + gνf (0)
ν N )].

Dotting both sides by k̂i (note that k̂i = k̂i), we have

Φ̇
a
−HΨ =

4π

ik
Ga[ρdmv + ρbvb + 4

∫
d3p

(2π)3
pµ(gγf (0)

γ Θ(t, µ) + gνf (0)
ν N (t, µ))]

=
4π

ik
Ga[ρdmv + ρbvb + 4

∫
dpp24π

(2π)3
p(gγf (0)

γ

∫ 1

−1

dµ

2
µΘ + gνf (0)

ν

∫ 1

−1

dµ

2
µN )]

=
4π

ik
Ga[ρdmv + ρbvb + (4

∫
d3p

(2π)3
pgγf (0)

γ )
∫ 1

−1

dµ

2
µΘ + (4

∫
d3p

(2π)3
pgνf (0)

ν )
∫ 1

−1

dµ

2
µN ]

Using the de�nition

Θ1 ≡
1

(−i)

∫ 1

−1

dµ

2
P1(µ)Θ,

we �nd

Φ̇− aHΨ =
4π

ik
Ga2[ρdmv + ρbvb − 4iργΘ1 − 4iρνN1] (2)

where we note that we have been assuming both photons and neutrinos are massless.

2. Dodelson pg. 137, #6

The time-time Einstein equation is

k2Φ + 3
ȧ

a
(Φ̇−Ψ

ȧ

a
) = 4πGa2[ρdmδ + ρbδb + 4ργΘ0 + 4ρνN0].

Since Φ̇−Ψ ȧ
a = Φ̇− aHΨ appears in Eq. (2), we can combine the two equations to give

k2Φ +
ȧ

a

12π

ik
Ga2[ρdmv + ρbvb − 4iργΘ1 − 4iρνN1] = 4πGa2[ρdmδ + ρbδb + 4ργΘ0 + 4ρνN0]

which implies

k2Φ +
ȧ

a

12π

ik
Ga2[ρmvm − 4iρrΘr,1] = 4πGa2[ρmδm + 4ρrΘr,0]

or equivalently

k2Φ = 4πGa2[ρmδm + 4ρrΘr,0 +
3aH

k
(4ρrΘr,1 + iρmvm)].

When the wavelength is much shorter than the Horizon, we recover Poisson's equation

k2

a2
Φ ≈ 4πG[ρmδm + 4ρrΘr,0]
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3. Dodelson pg. 213, #5

The wavenumber at equality can be de�ned as

keq = aeqH(aeq).

At matter radiation equality, ρm = ρr. Hence,

H(aeq) =

√
8πG

3
2ρm(aeq).

Dividing by
√

ρc(t0) =
√

3
8πGH0 and setting ρm(aeq) = ρm0(a0/aeq)3, we �nd

H(aeq)
H0

=
√

2Ωm0(
a0

aeq
)3.

Hence, if we set a0 = 1, we �nd

keq =

√
2ΩmH2

0

aeq

where we have dropped the subscript 0 on Ωm following typical convention. Setting aeq = 4.15×10−5/(Ωmh2)
gives

keq = Ωmh2100km/s/Mpc/(3× 105km/s)

√
2

4.15× 10−5

= 0.073Mpc−1Ωmh2.

Suppose one sets
k(2)

eq ηeq = 1.

Since

(
ȧ

a2
)2 ≈ 8π

3
G(ρm0(

a0

a
)3 + ργ0(

a0

a
)4)

we have

η ≈
∫

da√
8π
3 G(ρm0a + ργ0)

where we have set a0 = 1. Since ρm0aeq ≈ ργ0,

ηeq ≈ 1√
8π
3 Gρm0

∫ aeq

0

da
√

a + aeq

=
2(
√

2− 1)√aeq√
8π
3 Gρm0

=
2(
√

2− 1)√aeq

H0

√
Ωm

=
2(
√

2− 1)
√

4.15× 10−5

100km/s/Mpc Ωmh2
.

Hence, one would �nd instead
k(2)

eq ≈ 0.062Mpc−1Ωmh2

which is about 14% lower than keq (or keq is about 17% higher than k
(2)
eq ).
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