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Dispersion of the neutron resonance in cuprate superconductors
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We argue that recently measured downward dispersion of the neutron resonance peak in cuprate supercon-
ductors is naturally explained if the resonance is viewed as a spin-1 collective mode in ad-wave supercon-
ductor. The reduction of the resonant frequency away from the antiferromagnetic wave vector is a direct
consequence of the momentum dependence of thed-wave superconducting gap. When the magnetic correlation
length becomes large, the dispersion should become magnonlike, i.e., curve upwards from (p,p).
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Superconductivity and antiferromagnetism are two ma
phases of the high-Tc cuprates. When viewed separately, t
corresponding ground states appear to be quite conventio
the parent compounds of high-Tc cuprates@such as La2CuO4

~Ref. 1!# are exemplary Heisenberg antiferromagnets, wh
overdoped cuprates, in many respects, resemble BCS-typd-
wave superconductors.2 However, full understanding of the
interplay between the two phenomena is sorely lacking.
though most experts agree that antiferromagnetism is the
timate cause of high-Tc superconductivity, the intermediat

steps are not yet clear.3

Perhaps the strongest experimental indication of the in
play between antiferromagnetism and superconductivity
cuprates is the discovery of strong inelastic neutron sca
ing deep in the superconducting~SC! phase of materials with
the highestTc . The most intense scattering atT!Tc has
been detected in YBCO~Ref. 4! and Bi2212~Ref. 5! near the
antiferromagnetic~AF! wave vectorq5Q5(p,p) and en-
ergy VQ'40 meV. Experiments conducted with polarize
neutrons6 indicate that the resonant scattering is due to e
tron spins.

It is tempting to interpret the resonance as a magnon
disordered Ne´el state, which becomes more visible in a s
perconductor. However, a magnon frequencyVq

25c2(j22

1uq2Qu2)5VQ
2 1c2uq2Qu2, wherec is a spin-wave veloc-

ity, increasesaway from the AF wave vectorQ5(p,p).7

Meanwhile, recent experiments on YBCO~Refs. 8 and 9!
have revealed the opposite trend: the resonance energde-
creasesaway from (p,p) @see Fig. 1~a!#. In a disordered
antiferromagnet, this can only be the case if spin respons
the normal state is incommensurate.10 However, the data
suggest9 that, unlike in 214 materials,11 the normal-state spin
response in YBCO is commensurate.

On second thought, the best superconductors of the
prate family differ significantly from their parent AF com
pounds. They have a large, Luttinger-like Fermi surface
the normal state, and fermionic quasiparticles in the SC s
as shown by angle-resolved photoemission spectrosc
~ARPES!.12 Several authors have demonstrated that in
situation, an attractive exchange force in thed-wave super-
conducting state binds an electron and a hole into a pair w
0163-1829/2001/63~18!/180507~4!/$20.00 63 1805
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total spin 1.13–19 The bound state is seen as a resonance
spin response. The gross features of the neutron resona
such as a nonmonotonic variation ofVQ with doping and
persistence of the resonance in the pseudogap phase c
understood if the resonance peak is viewed as a collec
mode.14,15,17,18

The frequency of the collective mode is proportional
the static part of the inverse spin susceptibility (j22

1uq2Qu2)1/2 and hence formally resembles that of a ma
non in a disordered antiferromagnet. However, the velocitc
is not constant but depends rather strongly on the wave
tor q. This dependence can be understood by noting that
bound state necessarily resides below the two-particle c
tinuum @Fig. 1~c!#. For q along a zone diagonal, the con
tinuum starts atEmin(q)5uD(k)u1uD(k1q)u, where both
momentak andk1q are at the Fermi surface, Fig. 1~b!. As
q moves away from (p,p), k andk1q shift along the Fermi
surface towards the nodal points and the bound state in
the gap is pushed to lower energies. Forq5q0 connecting
the nodal points, the two-particle spectrum is gaple
Emin(q0)50, so that the energy of the resonance must van
~along with its strength!. Obviously then,Vq should decrease
away from (p,p), at least nearq0.

The above qualitative argument is quite robust and
based on two premises only:~i! the Fermi surface contain

FIG. 1. ~a! A sketch of the resonance dispersion: experimen
~solid line!, a massive magnon in the disordered Ne´el state~dashed
line!. ~b! Approximate shape of the Fermi surface in Bi2212. So
dots are nodal points, where the fermions are gapless. The
tinuum of two-particle excitations at the corresponding wave vec
q05(p1d,p1d) ~dashed arrow! starts at zero frequency. For la
tice momentumQ5(p,p) ~solid arrow! the continuum starts at a
finite energy.~c! Spin susceptibility at the wave vector (p,p).
©2001 The American Physical Society07-1
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hot spots~i.e., points connected by the AF wave vectorQ!
and~ii ! the superconducting gap has thedx22y2 symmetry. A
more quantitative description of the resonance requires
ther assumptions. Most calculations of a spin response
d-wave superconductor start with a model of free fermio
on a square lattice, add an exchange interaction and em
the random-phase approximation~RPA! to compute spin
susceptibility.13,14,16–19These calculations do yield a down
ward dispersion of the resonance under favora
circumstances.16–19Unfortunately, such calculations must b
done numerically providing somewhat limited insight. He
we present an alternative, analytical approach to the p
lem. It is based on the observation that the behavior o
collective mode is determined largely by low-energy fermi
degrees of freedom and is therefore insensitive to the phy
at high energies.

Our point of departure is a macroscopic spin-fermi
model that describes low-energy fermionic quasipartic
~with a Fermi surface inferred from ARPES! interacting with
collective spin fluctuations.20 This model is viewed as a low
energy version of lattice, Hubbard-type models and is
scribed by the effective action20 which involves a bare fer-
mion propagatorG0

21(k,v)5v2vk•(k2kF), a bare spin
susceptibility x0(q,V) which is produced by high-energ
fermions and is an input for low-energy theory and a sp
fermion couplingg. We assume that nothing special happe
at high frequencies in which casex0(q,V) has an Ornstein-
Zernike form:x0(q,V)5x0 /@j221(q2Q)22V2/vs

2#.
Previous studies of the model have focused on renorm

ization of the fermionic dispersion by spin-fermion intera
tion, and on the form of the fullx(Q,V).15 Here we consider
the dynamical susceptibility atqÞQ. To avoid unnecessar
complications, we restrict calculations to momenta along
zone diagonal,q5(q,q). We also neglect strong couplin
effects, assuming for simplicity that superconductivity is d
scribed by ad-wave version of the BCS theory. We hav
verified that strong-coupling effects~which modify fermi-
onic propagator at low energies! result in quantitative, but
not qualitative changes.

The full dynamical susceptibilityx(q,V) differs from
x0(q,V) due to a bosonic self-energyP(q,V):

x~q,V!5x0/@j221~q2Q!22V2/vs
22P~q,V!#. ~1!

The static part ofP(q,V) ~the contribution of the low-
energy fermions to the inverse correlation length 1/j) is
small and, in fact, vanishes for linearized fermion dispersi
On the other hand, the frequency-dependent partP(q,V) is
substantially nonzero in the normal state. This is related
the fact that, for a Fermi surface with hot spots~as in YBCO
and Bi2212! a low-frequency spin excitation with momen
tum q'Q can decay into two fermions at the Fermi surfa
~Fig. 1!. This gives rise to a universal relaxational term
P(q,V):

P~q,V!' i Im P~q,V!5 i uVugq . ~2!

At small frequencies,P(q,V)}uVu is much larger than the
bare O(V2) in the susceptibility. It thus fully determine
spin dynamics at low energies. The prefactorgq is obtained
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by calculating the imaginary part of the particle-hole bubb
At the antiferromagnetic momentum,gQ52ḡ/(pvxvy),
where ḡ5g2x0 is the effective spin-fermion coupling, an
v5(vx ,vy) is a Fermi velocity at the hot spotkhs, whose
components are defined asek5vxk̃x1vyk̃y , ek1Q52vxk̃x

1vyk̃y , where k̃5k2khs.
15 At q5q0 which connects the

nodes,vy vanishes andgq formally diverges. We have veri
fied that at this momentum,P(q0 ,V)}AV. In betweenQ
and q0, the behavior ofgq is somewhat involved: it first
drops at the lowest frequencies due to a reduction in
number of the scattering channels from 8 to 2~this is because
qi and 2p2qi are no longer identical points, and then slow
increases on approachingq0. The finite drop ingq is irrel-
evant for our consideration, and for simplicity we just a
sume below that for eachq, there are two ‘‘hot spots’’k
5kks(q) in the Brillouin zone, which account for the boson
damping at the lowest frequencies.

Equations~1! and ~2! imply that in the normal state

Im x~q,V!}x/@~11q̃2j2!21x2# , ~3!

wherex5V/gj2, andq̃5q2Q. We see that spin response
~a! incoherent: no sharp peak inx9(q,V) as a function of
frequencyV and ~b! commensurate:x9(q,V) is peaked at
q5Q for a fixedV. Both results are in agreement with th
data.11

In a d-wave superconducting state, the bosonic se
energy is modified by the opening of a superconducting g
Assembling the contributions from normal and anomalo
bubbles, we obtain

P~q,V!5
igq

2
E S 12

v~v1V!2Dq
2

A[v22Dq
2][ ~v1V!22Dq

2]
D dv.

~4!

Here Dq is the fermion gap at one of the two hot spo
connected byq, i.e., Dq5D„k5khs(q)…. By virtue of the
dx22y2 symmetry,D„khs(q)…52D„khs(q)1q…, a condition
we used in deriving Eq.~4!.

In the presence of a superconducting gap with thed-wave
symmetry, ImP(q,V) vanishes discontinuously forV
,2uDqu.

13,15,17–19By virtue of the Kramers-Kronig relation
this discontinuity generates a nonzero ReP(q,V) that is
quadratic inV at low frequencies:P(q,V);gqV

2/Dq . It is
also essential that for anyq, P(q,0)50: the opening of the
d-wave gap does not change the magnetic correlation len
This result is not entirely surprising: spin-mediatedd-wave
pairing involves only fermions from opposite sublattices a
thus does not affect the correlation of spin within the sa
sublattice.

SubstitutingP(q,V) into Eq. ~1! we obtain

x~q,V!}cq
2/@cq

2~j221q̃2!2V2#, cq
25Dq/gqj

2 . ~5!

We see that in ad-wave superconductor the low-energy sp
excitations are propagating, gapped magnonlike modes
the dispersion
7-2
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FIG. 2. Left: real and imaginary parts of th
numerically evaluated particle-hole bubble in

d-wave superconductor,x̃0(q,v), at variousq
5(q,q), using a tight-binding fermion dispersio
inferred from ARPES. The low-frequency fea

tures of x̃0(q,v) are in agreement with ou
analytical results. Right: imaginary part of th
corresponding full dynamical susceptibility
Imx(V,q). Observe that the resonance moves
lower frequencies whenqÞQ5(p,p).
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Vq
25cq

2~j221uq2Qu2!. ~6!

Two comments are in order before we analyze this d
persion. First, Eqs.~5!–~6! are meaningful only ifcqj

21

,uDqu. Otherwise the use of a quadratic form forP(q,V) is
not justified. Strictly speaking, nearq5Q, cqj

21,Dq only
at sufficiently strong coupling, when fermion self-ener
cannot be neglected. On the other hand, a quadratic
quency dependence of ReP(q,V) at low V is merely a
consequence of a vanishing ImP(q,V) for V,2uDqu,
where at strong couplingDq should be understood as th
measured gap~i.e., a frequency where the spectral functi
has ad-functional peak!. We have explicitly verified that
inclusion of strong coupling corrections into Eq.~4! only
changes the overall factor in the resonance frequency.

Second, to verify that our analytical approach based o
linearized fermion dispersion aroundkhs(q) captures the es
sential features of the spin susceptibility, we present in Fig
numerical results for the bare particle-hole susceptibi
x̃0(q,V) and its RPA counterpartx̃(q,V)5x̃0(q,V)/@1
2Jx̃0(q,V)#. Both are calculated for adx22y2 BCS super-
conductor with a tight-binding dispersionek inferred from
ARPES data.18 We expect that, at low enoughV, P(q,V)
matchesx̃0(q,V), modulo a regular function ofq. Similarly,
x(q,V) should agree, at low frequencies, withx̃(q,V). We
see in Fig. 2 that Imx̃0(q,V)50 for V,2uDqu and has a
finite jump at 2Dq , while Rex̃0(q,V) is quadratic inV at
low frequencies, in agreement with what we obtained
P(q,V). The peaks in Rex̃0(q,V) at 2Dq are logarithmic
singularities associated with the discontinuity
Im x̃0(2Dq).

13,15,17–19They are softened because we us
complex frequencies with a small imaginary part. These s
gularities are indeed present inP(q,V). A strong peak in the
RPA susceptibilityx̃(q,V) is the resonance located at
5J Rex̃0(q,V). This expression corresponds toP(q,V)
5j221(q2Q)2 in our analytical approach. We have als
verified that the static susceptibilityx̃0(q,0) does not change
between normal and superconducting states~i.e., j is not
renormalized!. High frequency features in Fig. 2 are due
the reduction in the number of scattering channels at
lowest frequencies atqÞQ. Forqx5qy , this reduction splits
the 2D singularity atq5Q into three singularities one o
18050
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which is a true low-energy feature~which we considered
analytically!, and the other two rapidly move to high ene
gies and become sensitive to the details of the fermion
persionek far from the Fermi surface.

We now analyze Eq.~6!. If Dq andgq where independen
of momentum,cq would be constant andVq would be a
conventional magnonlike dispersion. In this situation, t
spin resonance would remain commensurate and exist
at V.VQ5cQ /j. However, in ad-wave superconductor,Dq
decreases andgq increases whenq deviates fromQ. This
effect accounts for the downward shift ofVq . Furthermore,
as cq vanishes atq→q0, the resonance frequencyVq→0
regardless of the spin correlation lengthj. Quite generally,
nearq0 , Imx(q,V) should have a peak at a frequencyVq
,VQ .

This dispersion nearq5Q is more complicated and de
pends on the values ofj and q0. To obtain a qualitative
picture, we exploit the fact thatcq vanishes atq5q0 and
approximate the momentum dependence ofcq as cq

2'1

2(q̃/q̃0)2 whereq̃5uq2Qu. Substituting this form into Eq.
~6!, we find

Vq/VQ 512~ q̃/q̃0!2@12~ q̃0j!2#2~ q̃/q̃0!4~ q̃0j!2. ~7!

We see that whenq̃0j is small, the dispersion is negative fo
all momenta. Whenq̃0j is large, it first goes up, and the
drops. In both cases, the residue of the peak in Eq.~5! scales
as cq , i.e., it decreases and eventually vanishes asq ap-
proachesq0.

In Fig. 3 we plotVq ~7! and the intensity of the peak fo
q̃0j52. This value is consistent with optimally dope
Bi2212 whereuq0u'0.3p/a ~Ref. 21!, while j5a22a.22

Vq in Eq. ~7! is rather flat nearQ and rapidly drops away
from Q. The residue of the peak at the downturn is alrea
much smaller than its value atq'Q. Both features are con
sistent with the data.9

For comparison, we also present in Fig. 3 the dispers
and intensity of the collective mode obtained in the RP
calculation, Fig. 2. It exhibits qualitatively similar behavio
which we interpret as evidence that the dispersion of
peak is insensitive to the details of the fermion dispersion
high energies. Note also that our estimate of the wave ve
at which the energy and intensity of the neutron peak v
ishes,q0'(0.8p,0.8p), is roughly consistent with the cor
7-3



re

f

pe
a

lly

e

ea
k

to a
ur-
es at
r-

tter

in

so-
PA

en-
ive
ness
-
of
d
o the
gue

v,
ev.
No.
9-
nk
a-

ne

RAPID COMMUNICATIONS
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responding value found in neutron scattering,q5(p,0.8p).
Recall that, to simplify the analysis, we have only conside
momenta along the zone diagonal.

Finally, we argue that with underdoping,q̃0j increases
such that eventuallyVq should first increase withq̃ and then
drop very nearq5q0. This simply implies that at smallq̃,
the resonance continuously evolves into the magnon o
disordered antiferromagnet. Still, however, the drop nearq0
should persist in the pseudogap phase and only disap
when the system develops a true long-range antiferrom
netic order. It would be of interest to verify experimenta
whether such evolution takes place.

To summarize, we have demonstrated that the experim
tally observed downturn of the resonant frequency9 away
from (p,p), accompanied by a rapid decrease of the p
intensity, occurs rather naturally when the resonance pea

FIG. 3. Location and intensity of the resonance peak obtai
from Fig. 2 ~left! and from Eqs.~5! and ~7! ~right!.
re
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interpreted as a collective spin excitation in ad-wave super-
conductor. The unusual dispersion of the peak is related
variation of the superconducting gap along the Fermi s
face. We have argued that the resonant frequency vanish
a certainq5q0 that connects nodal points of the Fermi su
face. Close to the commensurate wave vectorQ5(p,p), the
dispersion depends on the spin correlation length: If the la
is small, uq02Quj!1, the resonance frequencyVq de-
creases withuq2Qu. Conversely, whenuq02Quj@1, Vq in-
creases away fromQ, reminiscent of a magnon dispersion
a disordered antiferromagnet.

As we already said, the negative dispersion of the re
nance peak has been earlier detected numerically in R
studies for Hubbard andt2J models.16–19References 18 and
19 interpreted this dispersion as a consequence of thed-wave
symmetry of the gap. Our analytical results are complem
tary to Refs. 18 and 19. In Ref. 17, however, the negat
dispersion was argued to be the consequence of a close
to a Van-Hove singularity~similar scenario was also consid
ered in Ref. 23!. We believe that the observed rapid drop
intensity away from (p,p) and the fact that the measure
resonance frequency disappears at a momentum close t
one which connects nodal points at the Fermi surface ar
in favor of a ‘‘d-wave’’ explanation.
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