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Relative positions of the 2D peaks in Raman and tunneling spectra ofd-wave superconductors
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~Received 7 October 1999!

We studyB1g Raman intensityR(V) and the density of statesN(v) in isotropic two-dimensionald-wave
superconductors. For an ideal gas,R(V) andN(v) have sharp peaks atV52D andv5D, respectively, where
D is the maximum value of the gap. We study how the peak positions are affected by the fermionic damping
due to impurity scattering. We show that while the damping generally shifts the peak positions to larger
frequencies, the peak inR(V) still occurs at almost twice the peak position inN(v) and therefore cannot
account for the experimentally observed downturn shift of the peak frequency inR(V) in underdoped cuprates
compared to twice that inN(v). We also discuss how the fermionic damping affects the dynamical spin
susceptibility.
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The unusual physical properties of cuprate supercond
ors have continued to be of high interest to condensed-m
physicists for more than a decade. In recent years, m
attention was devoted to the study of collective bosonic
citations in the superconducting and pseudogap phase1–3

The most notable experimental observation is the discov
of the resonance mode in the dynamical spin susceptibilit1,2

This mode is centered at the antiferromagnetic momen
Q5(p,p), and physically reflects the fact that near antife
romagnetic instability, collective spin excitations in ad-wave
superconductor are undamped, propagating spin waves a
ergies smaller than 2D.4–8 Less attention is devoted to th
study of possible resonance bosonic excitations at zero
mentum transfer. These excitations are probed by Ra
scattering which generally measures the imaginary par
the fully renormalized particle-hole susceptibility at vanis
ingly small incoming momentum, weighted with Rama
form factors which depend on the scattering geometry9,10

The experiments relevant to our discussion were perform
in B1g geometry where the Raman form factors are the la
est for fermionic momenta near (0,p) and symmetry related
points where thedx22y2 gap D(k) is near its maximum
D.11,12

In a BCS theory for ad-wave superconductor,B1g Raman
intensity R(V) logarithmically diverges at 2D and rapidly,
asv3, decreases at smaller frequencies.12 Experimental data
for overdoped Bi2212 are qualitatively consistent with th
behavior.3,13 Furthermore, the 2D extracted fromR(V) is
almost exactly twice the gap extracted from superconduct
insulator–normal metal junctions~SIN! tunneling data,
which measure a single particle density of states~DOS!
N(v).14 With underdoping, however, the peak frequency
R(V) progressively deviates down from the 2D extracted
from the tunneling experiments.3

Blumberg, Morr, and one of us~CBM! ~Ref. 15! attrib-
uted this deviation to a final-state interaction between s
tered quasiparticles. They argued that the magnetically
diated final-state interaction inB1g geometry is attractive and
gives rise to a pseudoresonance inR(V) at a frequency
V res , which with underdoping progressively deviates dow
from 2D.

An alternative to the resonance mode scenario is on
which the final-state interaction is irrelevant, and the discr
ancy between Raman and tunneling data is due to fermi
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incoherence, which generally shifts the positions of both
Raman peak and the peak in the DOS. In this paper, we s
that the shifts in the peak positions ofR(V) andN(v) due to
fermionic damping arecorrelated such that without final-
state interaction, the peak inR(V) is still located at almost
exactly twice the peak frequency inN(v). This result im-
plies that the experimentally observed relative downturn
viation of the peak in the Raman intensitycannot be ex-
plained by purely fermionic self-energy effects, and leav
the resonance mode scenario as the most probable one

We begin with the general expressions forR(V) and
N(v) in a superconductor. The DOS is the imaginary part
the local normal quasiparticle Green’s function, and the R
man intensity without final-state interaction is the imagina
part of the fermionic polarization bubble with a zero mome
tum transfer, weighted with Raman vertices.19,20We have, up
to an overall factor

R~V!5ImE dk dv VB1g

2 ~k!„Gsc~k,v1!Gsc~k,v2!

1F~k,v1!F~k,v2!…;

N~v!5ImE dk Gsc~k,v!. ~1!

Here,VB1g
(k)}coskx2cosky is the B1g Raman vertex,v6

5v6V/2, and Gsc(k,v) and F(k,v) are normal and
anomalous quasiparticle Green’s functions given by

Gsc~k,v!5Gn
21~2k,2v!/~Gn

21~k,v!Gn
21~2k,2v!1Dk

2!

F~k,v!5 iDk /~Gn
21~k,v!Gn

21~2k,2v!1Dk
2!. ~2!

Here,Gn
21(k,v)5S(k,v)2ek , whereS(k,v) is the fermi-

onic self-energy~which also absorbs a barev term!, andDk
is the superconducting gap, which for adx22y2 supercon-
ductor behaves asDk}coskx2cosky .

In an ideal gas, the fermionic self-energy is absent~i.e.,
S(k,v)5v). To simplify the discussion, we assume that t
Fermi surface is circular, for which bothR(V) and N(v)
can be evaluated exactly.13 Substituting the momentum inte
R6467 ©2000 The American Physical Society
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gration by integration overdek , and approximating thek

dependences ofVB1g
(k) andDk by cosQ, one obtains forV̄,

v̄,1 ~Ref. 13!

R~V̄ !5
3p

16
V̄3FS 1

2
,
5

2
,3,V̄2D , N~v̄ !5

2

p
v̄K~v̄ !, ~3!

and forV̄, v̄.1

R~V̄ !5
3p

16V̄2
FS 1

2
,
5

2
,3,

1

V̄2D , N~v̄ !5
2

p
KS 1

v̄
D , ~4!

wherev̄5v/D, V̄5V/(2D), andF(a,b,c,x) andK(x) are
hypergeometric and elliptical functions, respectively. The
sults forR(V) andN(v) are plotted in Fig. 1~a! and~b!. At
the smallest frequencies,R(V)}V3 andN(v)}v. At larger
frequencies, the Raman intensity and the DOS diverge lo
rithmically at v5D and V52D, respectively. At even
larger frequencies, the momentum dependence of the
progressively becomes less relevant, and bothR(V) and
N(v) acquire the same forms as ins-wave superconductors

R(V̄)}1/(V̄AV̄221), N(v̄)5v̄/Av̄221. Observe that
R(V) crosses over to thes-wave behavior immediately
above 2D. @see inset in Fig. 1~a!#.

Our goal is to study how the peak positions and, m
generally, the functional forms ofR(V) and N(v) are af-
fected by the fermionic self-energy. In general, the fermio
self-energy comes from various sources, and at least pa
it, associated with the scattering by the same bosonic ex
tions which give rise to superconductivity, has to be det
mined fully self-consistently from the Eliashberg-typ
equations.7 In this paper, we assume for simplicity that th

FIG. 1. The behavior of the Raman intensityR(V) and the DOS
N(v) in d-wave superconductors~a!. ~b! Fermi-gas results (g
50) Solid lines:d-wave results, dashed lines:s-wave results shown
for comparison. The inset shows the behavior ofR(V) close to the
threshold frequency 2D. ~c! The results forg50.2D @Eq. ~8!# The

normalized frequencies arev̄5v/D andV̄5V/(2D). Observe that
for d-wave superconductors, the peak in the Raman intensit
located at larger normalized frequency than the peak in the den
of states.
-

a-
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e

c
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primary source for the fermionic damping is impurity sca
tering. We consider the fermionic self-energy in the se
consistentT-matrix formalism16,17 and neglect subtle two
dimensional~2D! effects beyondT-matrix approximation.18

Hirshfeld, Wolfle, and Einzel16 demonstrated that for a
d-wave superconductor with a particle-hole symmetry a
k-independent scattering potential,S(k,v)5v1 igv

sign(v), where g uvu is a solution of the self-consisten
equation16,17

g uvu5g
g0~ uvu!

c21g0
2~ uvu!

. ~5!

Here,g is proportional to the impurity concentration,c is the
cotangent of the scattering phase shift, andg0(uvu)
5( i /pNF)(kGsc(k,v) sign(v), where NF is the normal-
state DOS at the Fermi surface. The self-consistency of
~5! is in the fact thatGsc(k,v) given by formula~2! by itself
depends ong(v) throughS(v). Physically this means tha
the fermionic self-energy due to impurity scattering is
itself affected by a superconductivity.

For a circular Fermi surface, the momentum integral o
G(k,v) can be performed exactly and yieldsg0(uvu)
5(2/p)K„D2/S2(v)…. In the normal state,g0(v)51, and
g uvu reduces to a constantg uvu5g/(11c2). In a supercon-
ducting state, however,g uvu is complex and frequency de
pendent. Still, one can easily demonstrate thatg uvu remains
finite for all frequencies. Below we will needg0 andgD . For
unitary scattering (c50), we solved Eq.~5! at these frequen-
cies and forg!D obtained with logarithmical accuracygD

5(2/p)g log(D/g) andg05„pgD/ log(D/g)…1/2.
We now proceed with the calculations of the DOS a

Raman intensity. As the self-energy isk independent, we can
use the same trick as in earlier studies,8,15,21 and first inte-
grate over momenta in Eq.~1!. Substituting the momentum
integration by the integration overek and evaluating the in-
tegrals, we obtain15

N~v!5ImE
0

p/2

dQ
S~v!

D~v!
;

R~V!52ReE
0

p/2

dQ cos2Q

3E
2`

`

dv
~S12S2!21~D12D2!2

4D1D2~D11D2!
. ~6!

Here, v65v6V/2, S65S(v6), D65D(v6), and

D(v)5AD2cos2Q2S2(v).
As a warm up, consider the limit of small frequencie

Substituting S(v)5v1 ig0 sign(v) into Eq. ~6! and ex-
panding in frequency, we obtained

R~V̄ !5V̄ḡ0
2 log 1/ḡ01O~V̄3!;

N~v̄ !

5N~0!1v̄S 12
2

p
tan21

ḡ0

v̄
D 2

2ḡ0

p
logA11S v̄

ḡ0
D 2

,

~7!
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where N(0)5(2/p)ḡ0 log 1/ḡ0, and ḡ05g0 /D. At v̄!1,
N(v̄)5N(0)1v̄2/(pḡ0).

We see that fermionic damping~i! yields a linear fre-
quency dependence ofR(V), and~ii ! yields a finite DOS at
zero frequency, and the quadratic frequency dependenc
N(v̄) aboveN(0). Both of these results agree with earli
studies.16,17

We now considerR(V) and atV'2D andv'D, where
the Raman intensity and the DOS diverge in a Fermi g
The Raman intensity near 2D has been previously evaluate
numerically.17 We present the analytical results which allo
us to compare the peak positions inR(v) andN(v).

Simple estimates show that near 2D, the integral inR(V)
is dominated byD6!1, i.e., v6'6D. SubstitutingS(v
'D)5v1 igD sign(v) into Eq. ~6! and expanding the inte
grands to first order inV22D andv2D, respectively, we
obtain after lengthy but straightforward calculations

R~V̄ !5
p

4A2
ReF FS 1

2
,
1

2
,2,

22

V̄211 i ḡD

D
AV̄211 i ḡD

G ;

N~v̄ !5
A2

p
ReF KS iA 2

v̄211 i ḡD

D
Av̄211 i ḡD

G . ~8!

Here ḡD5gD /D.

We now analyze these results. NearV̄5v̄51, we find

from Eq. ~8! R(V̄)'(21/8)log@(V̄21)21ḡD
2#, N(v̄)'

(21/4p)log@(v̄21)21ḡD
2#. We see that the logarithmical d

vergencies are cut by the fermionic damping, but, to a lo
rithmical accuracy, the peaks remain at the same position
in a Fermi gas. In other words, fermionic damping gives r
to a broadening of the peaks in the Raman intensity and
DOS, but still, the peak inR(V) is located at twice the pea
frequency of the DOS.

Calculations beyond the logarithmical accuracy show t
the peak positions do shift to higher frequencies but the r
tive shift is opposite to the one detected in the experime

the peak inR(V̄) shifts to higher frequencies for arbitrar

gD (V̄peak21}ḡD
2 for ḡD!1), while the peak inN(v̄)

shifts to high frequencies only if the damping exceeds
threshold value ofḡD'0.77. Obviously, the magnitude o
the shift inN(v) is smaller than that inR(V). This behavior
is illustrated in Fig. 1~c!.

Note in passing that fors-wave superconductors, the sam
calculations which lead to Eq.~8! yield

R~x!,N~x!;S A11ax
21ax

~11ax
2!ḡD

D 1/2

, ~9!

whereax5(x21)/(ḡD) and x5V̄ for R(x) and x5v̄ for

N(x). Again, the divergencies atV̄5v̄51 are gone and
of

s.

-
as
e
e

t
a-
s:

a

substituted by the peaks at higher frequencies for whichax

51/2A3. At the same time, the functional forms ofR(V̄)
and N(v̄) are identical. This implies that in a dirtys-wave
superconductor, the peak in the Raman intensity is also
cated exactly at twice the peak frequency inN(v), though
both peak positions shift from the Fermi gas values.

For completeness, we also discuss how fermionic dam
ing affects the spin-polarization operator at the antiferrom
netic momentumQ. The form of this polarization operator i
relevant for the interpretation of neutron-scattering a
angle-resolved photoemission spectroscopy data.6,7,21

The spin-polarization operator is related to the dynami

structure factor asSQ(V̄)}Im„j222PQ(V̄)…21, wherej is
the magnetic correlation length.7 It is formally given by the
same set of particle-hole bubbles made of normal a
anomalous Green’s functions as the Raman intensity, but
fers from R(V) in two aspects. First, the antiferromagne
spin polarization is a finite momentum probe, and the con
bution to low-frequency ImPQ(V) only comes from the
momentum range in the Brillouin zone where both partic
in the bubble are near the Fermi-surface hot spots. Near
spots, the superconducting gap is finite and close toD. In
other words, the regions near the nodes of thedx22y2 gap do
not contribute to the dynamical spin susceptibility nearQ.
Second, the vertices forPQ(V) contain Pauli matrices. Fo
the anomalousFF term, the summation over spin projection
yields an extra factor21 compared to the Raman bubbl
Performing the momentum integration in theGG and FF
bubbles in the same way as before, and using the fact
DkDk1Q52D2, we obtain7

PQ~V!5 i E
2`

`

dv
S1S21D1D22D2

2D1D2
. ~10!

The overall factor is chosen such that in the normal sta
PQ(V)5 i uvu.

For an ideal gas, the frequency integration in Eq.~10!

yields ImPQ(V̄)50 and RePQ(V̄)}V̄2 at V̄5V/(2D)
,1. For large enoughj, this behavior ofPQ(V) gives rise

to a resonant peak inSQ(V̄) at a frequency where

RePQ(V)5j22.5,8 At V̄51, ImPQ(V) jumps to a finite
value, and RePQ(V) diverges logarithmically.4 This behav-
ior is shown in Fig. 2~a!.

SubstitutingS(uvu'D) into Eq. ~10! and performing the

same calculations as before, we obtain nearV̄51 and to first
order in ḡD

Im PQ~V̄ !5
Dp

2 S 11
2

p
arcsin

aV̄

Aa
V̄

2
11

D
RePQ~V̄ !5DS log

1

ḡD
2C~aV̄!D , ~11!

where, as before,aV̄5(V̄21)/(ḡD), and in the limits of
small and largea, C(a) behaves asC(a!1)5a2/2, and
C(uau→`)5 loguau.
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We see, similar to what we found for the Raman intens
and the DOS, the inclusion of the fermionic damping elim
nates the singularities in the spin-polarization opera

Im PQ changes continuously throughV̄51, and RePQ is

peaked but does not diverge atV̄51 ~to first order inḡD ,
the peak does not shift to higher frequencies!. This behavior
is shown in Fig. 2~b!.

At small frequencies, the expansion inV̄ in Eq. ~10!
yields

FIG. 2. The behavior of the spin polarization operator in t
Fermi gas~a! and at a finiteg ~b!. Solid line: RePQ(V), dashed
line: Im PQ(V).
,

y
-
r:

PQ~V̄ !5
p

2
V̄212i ḡ0

2uV̄u. ~12!

Again, similar to the result forR(V), the inclusion of a finite
fermionic damping yields a nonzero ImPQ(V) down to the
lowest frequencies. This result implies that in the presenc
impurity scattering, the resonance peak inSQ(V) has a finite
width. This effect may account for the width of the res
nance neutron peak near optimal doping. We, however,
not believe that fermionic damping is responsible for t
increase of the peak width with underdoping—this last eff
is likely to be caused by the frequency dependence oD
associated with the pseudogap effects, which we do not c
sider here.22

To summarize, we have considered in this paper a sim
model form of the electronic damping and analyzed how
affects the forms of the Raman intensity, the DOS, and
spin-polarization operator at the antiferromagnetic mom
tum. We found that a finite damping eliminates artificial d
vergencies found in a Fermi gas consideration. Still, ho
ever, without final-state interaction, the peak inR(V) occurs
at or beyond twice the peak frequency for the DOS, in co
tradiction with the experimental observations. This negat
result implies that fermionic damping alone cannot acco
for the data, and supports the explanation of the downt
shift of the Raman peak with underdoping in terms of
midgap pseuoresonance mode in the Raman intensity.15 We
also found that fermionic damping gives rise to a finite wid
of the resonance neutron peak.
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