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We consider an anisotropic version of theCP1 model which describes frustrated quantum antiferromagnets
with incommensurate spin correlations. We extend the two-component spinon field, describing lattice spins, to
theM -component complex vector, and show, in the 1/M expansion, that for arbitrary small incommensura-
bility longitudinal and transverse stiffnesses tend to the same value as the system approaches the quantum
critical point. For physical spins (M52), this yields O~4! critical behavior. However, if the spin structure is
commensurate, the longitudinal stiffness is identically zero. In this case, the critical behavior is the same as in
the O~3! s model. We show how the critical exponents interpolate between O~3! and O~4! values near the
transition. We also show that the competition between these two fixed points leads to a confinement-
deconfinement transition at a finite temperature.@S0163-1829~96!50722-8#

In this paper, we address a specific issue concerning the
nature of zero-temperature quantum phase transitions in
quantum antiferromagnets: whether there is a qualitative
change in the critical behavior when one adds a frustration to
the Heisenberg antiferromagnet and makes spin configura-
tion noncollinear. We argue that the critical behavior of col-
linear and noncollinear antiferromagnets is qualitatively dif-
ferent, even when local spin configuration differs from a
Néel state by an arbitrary small amount. As a quantitative
measure of this difference, we consider the ratio of the fully
renormalized transverse and longitudinal stiffnesses,
r' /r i . In a collinear antiferromagnet, the longitudinal spin
stiffness is identically zero because the Ne´el ordering is de-
scribed by just one vector of antiferromagnetism,nW , and a
rotation ofnW around its equilibrium direction isnot a sym-
metry transformation. On the other hand, in the ordered non-
collinear state, one needs two unit vectors to describe the
equilibrium spin configuration. In this case, a rotation of one
vector around another is a legitimate symmetry transforma-
tion which is broken in the ordered state. As a result, there
are two finite stiffnesses: one for two equivalent transverse
spin-wave modes, and another for the longitudinal spin-wave
mode. The action for noncollinear antiferromagnets can be
written either in terms of the SO~3! rotation matrix, or in
terms of two-component complex spinon field. Azariaet al.
performed one-loop renormalization-group studies of the
SO~3! action1 and found that as the system approaches the
critical point, the ratio of the fully renormalized stiffnesses
tends to unity. Sachdev, Senthil, and one of us used the
spinon description and have studied the critical behavior of
frustrated antiferromagnets under the assumption that the
bare transverse and longitudinal stiffnesses,r'

0 andr i
0 , are

close to each other.2 They also found that as the system
approaches the critical point, the ratio of the fully renormal-
ized stiffnesses tends to unity. At criticality,r'5r i , and the
symmetry of the underlying action is enlarged from SU~2!
3U~1! to O~4! ~see below!. In this paper, we extend the

spinon approach to an arbitrary ratio of the bare stiffnesses.
We will show that the O~4! critical behavior holds for arbi-
trary r i

0/r'
0<1. We cannot say at the moment about how far

the O~4! behavior extends to a region wherer i
0@r'

0 .
Our point of departure is the partition function for a frus-

trated antiferromagnet written in terms of spinon fields,
Z5*Dz*Dzexp@2S#, where

S52r'
0 E dtd2r F u]mzu22

g

4
~z* ]mz2z]mz* !2G . ~1!

Here z is a two-component complex spinor field subject to
constraintza* za51, m5t,x,y, and g5(r i

02r'
0 )/r'

0 . For
simplicity we choose units where\51 and set both spin-
wave velocities to unity.

This effective action can be explicitly derived from semi-
classical microscopic considerations3,4 and the general mac-
roscopic approach of Ref. 5. Note however thatz quanta are
not Schwinger bosons. The relation betweenz and the un-
derlying spins is more complex and involves incommensu-
rate ordering momentum.4,2 The action in~1! is invariant
under global SU~2! spin rotation, and is also invariant under
certain types of lattice transformations. As shown in Ref. 2,
this lattice symmetry is in essence identical to a lattice U~1!
symmetry. We will thus refer to the total global symmetry of
the effective action in~1! as SU~2!3U~1!. It is essential,
however, that the U~1! gauge symmetry z(rW,t)
→z(rW,t)eif(rW,t) is broken providedr iÞ0, i.e.,g.21. It is
only present atg521 in which case the action in~1! de-
scribes collinear antiferromagnets. In this latter case, the de-
scription in terms ofz quanta is equivalent to the description
in terms of Schwinger bosons: the same action as in~1! is
obtained if one introduces the U~1! gauge invariant
Schwinger boson decompositionna5ba

†sab
a bb into the par-

PHYSICAL REVIEW B 1 JUNE 1996-IIVOLUME 53, NUMBER 22

530163-1829/96/53~22!/14729~4!/$10.00 R14 729 © 1996 The American Physical Society



tition function of the O~3! nW -field model.2,6 g!1 limit of the
action~1! was studied in detail in Ref. 2. Here we focus on a
region nearg521.

To perform 1/M expansion, we need to generalize the
action to largeM . We generalize the doubletz to the
M -component complex vector, rescale thez field to
z→z/AM ~such thatza* za51, a51,2, . . . ,M ), and intro-
duce the coupling constantg5M /2r'

0 . We further introduce
the Hubbard-Stratonovich vector gauge fieldAm to decouple
the quartic term, and introduce a constraint into the action
using the integral representation of thed function. We then
obtain

S5
1

gE d2r E
0

1/T

dtL, ~2!

L5F S 1

11r D u~]m2 iAm!zu21
r

11r
u]mzu21 il~ uzu22M !G ,

where we introducedr52(11g)/g.
The most straightforward way to compute the ratio of the

fully renormalized stiffnesses, which we will follow, is to
perform calculations in the ordered state atT50. This state
is realized forg smaller than the critical couplinggc . As-
sume that the first component ofz is condensed. We then
write z5(s̄,pa), and represents̄ as a sum of the condensed
part,AMs0 , and fluctuations around it,s̄5AMs01s. It
is also convenient to introduce pairs of real variables instead
of complex variabless and pa : s5x1 ih, pa5f2a21
1 if2a , and rescale gauge field asAm→(11r )Am . Substi-
tuting these expressions into the action we find

L5F ~]mx!21~]mh!21 (
a51

2M22

~]mfa!222AMs0h]mAm22Am~x]mh2h]mx1f1]mf22f2]mf11••• !

1Am
2M ~11r !1 ilS 2AMs0x1x21h21 (

a51

2M22

fa
2 D G . ~3!

This decomposition of thez field implies that the variables
fa describe 2M22 transverse fluctuations,h is a variable
for a longitudinal mode, andx describes fluctuations in the
direction of the condensate.

Our first goal is to integrate out fluctuations ofx,h, and
fa and to obtain the effective action for collective variables
A andl. The integration over the longitudinal and transverse
fluctuations yields contributions to the effective action which
are linear inM , whereas thex field contributes only a sub-
leading, 0(1), term which can be safely neglected in the
leading order calculations in 1/M . Performing the Gaussian
integration over fluctuating fields and using the constraint
equation at M5`, we obtain the effective action
for the gauge fluctuations in the form
SA5(M /2)*d3qPmn(q)Am(q)An(2q), where

Pmn~q!52E d3k

~2p!3
1

k2
2E d3k

~2p!3
~2km1qm!~2kn1qn!

k2~k1q!2

12dmn

2~r1s0
2!

g
2
2s0

2

g

qmqn

q2
. ~4!

The first two terms in~4! are the components of the polar-
ization operator of the O~3! s model,Pmn

f (q), which should
be massless due to the gauge invariance of the latter. Using
the Pauli-Willars regularization, we obtain
Pmn

f (q)5(dmn2qmqn /q
2)q/16. Collecting all terms in~4!

and inverting the result we find for the gauge field propaga-
tor

Dmn~q!5
1

M
X S dmn2

qmqn

q2 D F q161
2~r1s0

2!

g G21

1
qmqn

q2
g

2r
C . ~5!

Notice that the longitudinal part of the propagator appears
only due to incommensurability.9 This is a direct conse-
quence of the fact that incommensurability breaks the gauge
symmetry of the action~3!.

The propagator of the constraint field,P21(q), can be
calculated in a similar way. We found that, to leading order
in 1/M , P(q) is independent onr and has the same form as
in Ref. 2:P21(q)58q2/(q116s0

2/g).
We proceed now with the calculations of the stiffnesses at

M5`. The two stiffnesses can be extracted from the long-
distance behavior of the propagators of the transverse and
longitudinal fields: Gfa

21(q)5r'q
2, Gh

21(q)5r iq
2. The

computation of these propagators is straightforward. Trans-
verse fieldsfa do not directly couple to the condensate, and
all corrections to the free-particle propagator have relative
1/M smallness. Hence fullM5` propagator coincides with
the bare oneGfa

(q)5g/(2q2), i.e., r'52/g. The longitu-

dinal (h-field! propagator is, however, different fromGfa

already at M5` because of the coupling term
}AMs0h]mAm in ~3!. This term leads to the finiteM5`
correction,

Gh~q!5
g

2q2
1Ms0

2qmqn

q4
Dmn~q!5

g

2q2
r1s0

2

r
, ~6!
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so thatr i52r /g(r1s0
2). We emphasize that Eq.~6! is an

exactM5` result, not an expansion around the free-particle
expression.

For the ratio of the fully renormalized stiffnesses we then
obtain

ḡ5
r i2r'

r'

52
s0
2

r1s0
2[g

s0
2

11g2gs0
2 . ~7!

This is the key result of theM5` consideration. We see that
as long as the longitudinal stiffness is finite~i.e., g.21),
the ratio of the fully renormalized stiffnesses approaches 0 as
the system moves to the critical point,s0→0. At criticality,
ḡ 50, and the renormalized action~1! reduces to that for the
O~2M ) s model. At the same time, ifr i

050 ~i.e.,
g521), then ḡ5g521, and the renormalized action re-
tains the symmetry of the isotropicCPM21 model. Alterna-
tively stated, forr i50, which is the case for a collinear
antiferromagnet, the system is in the basin of attraction of the
CPM21 fixed point. However, an arbitrary small amount of
noncollinearity drives the system to the O~2M ) fixed point.

Our next goal is to compute 1/M corrections to the ratio
of stiffnesses. These corrections come from self-energy dia-
grams which involve exchange by fluctuations of both the
constraint and the gauge field. The computational steps are
rather involved, but conceptually are similar to those dis-
cussed in Refs. 7,2. Forr@s0

2 we obtained

Gf
215

2q2

g S 12
4

3p2M
L D , ~8!

Gh
215

2q2

g S 12
4

3p2M
L D X12

s0
2

r S 11
28

3p2M
L D C ,

whereL5 ln(gc2g)/gc , ands0 is related togc2g as in the
O~2M ) model,7 s0

25(12g/gc)
124/(p2M ). This is merely a

consequence of the fact that the propagator of the constraint
field does not depend onr . For the ratio of the stiffnesses we
then obtainḡ5„g/(11g)…(12g/gc)

1116/(3p2M ). For g!1,
this reproduces the result of Ref. 2. We see that the 1/M
corrections only speed up the flow to the O~2M ) fixed
point.11 For r<s0

2 , the expression forḡ is rather involved
and we refrain from presenting it.

For completeness, we also computed critical exponents in
the 1/M expansion. Forg521 ~i.e., r50) spinon correla-
tion function and order parameter possessesh5220/p2M ,
n51116/p2M , 2b5124/p2M . The actual spin suscepti-
bility is a convolution of two spinon fields, and it has differ-
ent critical exponentsh̄, n̄, etc. We computed the spin sus-
ceptibility to order 1/M and foundh̄51232/p2M , n̄5n,
b̄511O(1/M2). The result forh̄ has been reported by us
previously.6

For g.21 ~i.e., r.0), the gauge field acquires a mass,
and the self-energy terms associated with the exchange of
gauge field fluctuations are no longer singular. We have
checked that the spinon fields now possess O~2M )
exponents7: h54/3p2M , n51216/3p2M , 2b5124/
p2M . For spin-spin correlation function and magnetization
~at arbitrary g! we reproduced the results of Ref. 2:
b̄511O~1/M2!, n̄51216/3p2M , h̄51132/3p2M .

So far we were discussing the zero-temperature critical
properties of incommensurate antiferromagnets. As the expo-
nent h̄ is finite for bothg521 andg.21, the staggered
static spin susceptibility,x(q), at criticality possesses a
branch-cut singularity independent on whether the system is
in the basin of attraction of O~3! or O~4! fixed points. From
this perspective, the difference between O~3! and O~4! criti-
cal behavior atT50 is only a quantitative but not qualitative
one. In general, however, the descriptions of the system in
terms ofnW field and in terms of spinons are fundamentally
different: in the first case the excitations necessary possess
integer spin while in the latter one can have excitations with
either integer or half-integer spin depending on whether
spinons are confined or not. We now show that the presence
of two fixed points atT50 gives rise to a confinement-
deconfinement transition within thedisorderedregion. Con-
sider for definiteness the renormalized-classical~RC! regime,
g,gc .

8 Here the ground state is ordered, but an arbitrary
small temperature leads to the restoration of the spin rota-
tional symmetry which implies that one can no longer distin-
guish between transverse and longitudinal fluctuations. Con-
sider first the collinear antiferromagnet,g521. Then the
critical behavior is governed by the O~3! exponents. As the
isotropicCP1 model is isomorphic to the O~3! s model, one
should obtain the same result within thenW field and the
spinon description. We recently demonstrated6 that this is
indeed the case. Despite the fact that effective action~1!
yields a branch cut behavior ofx(q) at the mean-field
(M→`) level, the gauge field fluctuations, which appear at
the 1/M level, confine spinons into pairs with integer spin.
These bound states of spinons yield poles inx(q), and the
long-distance behavior of spin correlators totally consistent
with thenW -field description. The branch-cut to pole transfor-
mation is a direct consequence of the gauge invariance of the
action ~1! at g521. Unbroken gauge invariance leads to
gapless gauge field fluctuations, which give rise to the un-
bounded long-range confining potential between spinons.

Let us consider now what happens atg.21. We have
shown in Ref. 6 that the static staggered susceptibility
x(q) is proportional to the Green’s functionC(q,x50) of
the effective inhomogeneous Schrodinger equation

S 2
d2

dx2
1V~x!1d2DC~x!5d~x!, ~9!

whered25q2/41m0
2 , andm0 is the gap in the spinon spec-

trum. At M5`, the confining potentialV(x) vanishes, and
x(q) has a branch-cut singularity atd50. At finite M ,
V(x) is given by the regularized Fourier transform of the
transverse part of the gauge field propagator6

V~x!5
m0T

M E
2`

` dk

2p
D trans~k!~12e2 ikx!. ~10!

In the RC regime, we found that in the small momentum
limit, D trans(k) is

D trans~k!5
1

M F k2T

12pm0
2 1

2r

g G21

. ~11!
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The appearance of the mass term 2r /g in D trans(k)
makes the would-be-confining potential between spinons
short ranged: V(x)5(6pm0

3/MmA)(12e2uxumA), where
mA5m0A24pr /gT. Our key observation is that the gauge
field mass,mA , is inversely proportional to the temperature.
At high temperaturesmA is small, and the potential is linear
in uxu up to large scales leading to a strong binding of
spinons.6 However, asT→0, mA→`, andV(x) reduces to
zero in which case no bound states exist. There exists there-
fore a critical value of the gauge field mass when the attrac-
tion between spinons becomes too weak to bound them into
pairs. It is not difficult to show that all excited bound states
disappear already at (6p/M )1/3m0 /mA;O(1).However, the
first bound state survive as long asV(x→`) remains
positive. Careful analysis of the homogeneous version of
Eq. ~9! with full D trans(k), performed by Campostrini and
Rossi,9 shows that the first bound state disappears when
(2r /gT)5 1

p . Confinement-deconfinement temperature is
thenT*54pr'

0 r /M .
AboveT* there is a confinement, and the staggered static

spin susceptibility x(q) has a pole singularity,
xconf(q)5A/(q21m2) (A→0 asT→T* ), which translates
into x(r )}r21/2e2rm at large distances. BelowT* , spinons
are deconfined, andx(q) has only a branch-cut singularity,
x deconf(q);(q21m2)21/2 which implies that at large dis-
tancesx(r )}r21e2rm. There is therefore a real change in
the behavior of the physical observable atT* ; however, we
do not expect that there will be any changes in the thermo-
dynamic quantities at this temperature.

We also caution that our low-energy analysis is restricted
to the neighborhood of theCP1 fixed point, where the gauge
field mass is small atT;T* . The fate of the transition line at
larger r is unknown simply because one cannot use the
Hubbard-Stratonovich decoupling when the gauge field mass
becomes comparable to the upper cutoff of the theory.12

The results of the present paper are in agreement with
Ref. 2 and with the results of other authors. Transformation
from free spinons atrÞ0 to the confined ones atr50 was
observed by Wiegmann10 in the exact solution of the two-
dimensional~2D! classical O~3! problem. Deconfinement of
spinons in theT50 quantum-disordered phase with incom-
mensurate spin correlations, due to the appearance of the
gauge field mass, was discussed by Sachdev and Read.13

Classicald-dimensional versions of the actions~1! and ~3!

were recently studied by Azariaet al.12 by the renormaliza-
tion group and 1/M analysis in all dimensions between 2 and
4. One of their key findings is that all models withgÞ21
are asymptotically equivalent at long distances to the
O~2M ) model. This is in complete agreement with our re-
sults. They also argued that though the low-energy physics is
controlled by O~2M ) fixed point, the high-energy~short dis-
tance! behavior for weak incommensurability is still con-
trolled by theCP1 fixed point—this is also consistent with
our result that confinement persists at high temperatures.
They, however, did not explicitly discuss the confinement-
deconfinement transition for the spin susceptibility.

To conclude, in this paper we analyzed the crossover from
theCP1[O(3) to the O~4! critical behavior in a model of
weakly frustrated quantum antiferromagnet. We have shown,
in the 1/M expansion, that for an arbitrary small bare longi-
tudinal stiffness, the system flows away from theCPM21

fixed point towards the O~2M ) fixed point. The same type of
critical behavior was found previously for the case where the
bare longitudinal and transverse stiffnesses were close to
each other.2 It is therefore likely that the O~2M ) critical be-
havior @i.e., the O~4! behavior for the physical case of
M52] holds at least for allr i

0<r'
0 . An unresolved issue is

whether the O~4! behavior holds for an arbitrarylarge ratio
of r i

0/r'
0 , or there is a crossover to a different kind of critical

behavior with possible binding of spinons. This last issue is
interesting on its own grounds but it is also possibly related
to the controversy surrounding the critical behavior of
stacked triangular antiferromagnets which, as numerical
studies indicate, possess critical exponents different from the
O~4! ones.14 The ratio of the stiffnesses in 2D triangular
antiferromagnets is not known exactly: noninteracting spin-
wave calculations yieldr i

0/r'
052 but first 1/S corrections

are not small and substantially reduce this ratio.15

We also have shown that the competition between the two
zero-temperature fixed points leads to a confinement-
deconfinement transition for static spin susceptibility at a
finite temperature. Numerical studies of this phenomena are
very desirable.
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