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Crossover from O(3) to O(4) behavior in weakly frustrated antiferromagnets

Andrey V. Chubukov
Department of Physics, University of Wisconsin, Madison, Wisconsin 53706
and P.L. Kapitza Institute for Physical Problems, Moscow, Russia

Oleg A. Starykh
University of California at Davis, Davis, California 95616
(Received 14 February 1996

We consider an anisotropic version of 1@ model which describes frustrated quantum antiferromagnets
with incommensurate spin correlations. We extend the two-component spinon field, describing lattice spins, to
the M-component complex vector, and show, in th#1éxpansion, that for arbitrary small incommensura-
bility longitudinal and transverse stiffnesses tend to the same value as the system approaches the quantum
critical point. For physical spinsM =2), this yields @4) critical behavior. However, if the spin structure is
commensurate, the longitudinal stiffness is identically zero. In this case, the critical behavior is the same as in
the Q3) o model. We show how the critical exponents interpolate betweg) &hd Q4) values near the
transition. We also show that the competition between these two fixed points leads to a confinement-
deconfinement transition at a finite temperati80163-182806)50722-§

In this paper, we address a specific issue concerning thgpinon approach to an arbitrary ratio of the bare stiffnesses.
nature of zero-temperature quantum phase transitions iWe will show that the @) critical behavior holds for arbi-
quantum antiferromagnets: whether there is a qualitativerarypﬁ’/pfsl. We cannot say at the moment about how far
change in the critical behavior when one adds a frustration tghe (4) behavior extends to a region th;%> p?.
the Heisenberg antiferromagnet and makes spin configura- oyr point of departure is the partition function for a frus-

tion noncollinear. We argue that the critical behavior of col-{5teq antiferromagnet written in terms of spinon fields
linear and noncollinear antiferromagnets is qualitatively dif-Z:sz* Dzexy —S], where

ferent, even when local spin configuration differs from a

Neel state by an arbitrary small amount. As a quantitative

measure of this difference, we consider the ratio of the fully

renormalized transverse and longitudinal stiffnesses, S= zpff drd?r
p./pj- In a collinear antiferromagnet, }he longitudinal spin

stiffness is identically zero because theeNerdering is de-

scribed by just one vector of antiferromagnetigim,and a H : ¢ t | . field subiect t
rotation ofi around its equilibrium direction isot a sym- erez1s a* wo-component complex Sp'Qor (;e Osu ject o
constraintz,z,=1, u=r7X,y, and y=(pj—p,)/p, . For

metry transformation. On the other hand, in the ordered non=-""""< i :
collinear state, one needs two unit vectors to describe th&implicity we choose units wherg=1 and set both spin-
equilibrium spin configuration. In this case, a rotation of onewave velocities to unity.

vector around another is a legitimate symmetry transforma- This effective action can be explicitly derived from semi-
tion which is broken in the ordered state. As a result, therelassical microscopic consideratidfisand the general mac-
are two finite stiffnesses: one for two equivalent transversgoscopic approach of Ref. 5. Note however thajuanta are
spin-wave modes, and another for the longitudinal spin-wav@ot Schwinger bosons. The relation betweeand the un-
mode. The action for noncollinear antiferromagnets can belerlying spins is more complex and involves incommensu-
written either in terms of the S@) rotation matrix, or in  rate ordering momentuff? The action in(1) is invariant
terms of two-component complex spinon field. Azagtaal.  under global S(R) spin rotation, and is also invariant under
performed one-loop renormalization-group studies of thecertain types of lattice transformations. As shown in Ref. 2,
SO(3) actiort and found that as the system approaches théhis lattice symmetry is in essence identical to a latti¢é)U
critical point, the ratio of the fully renormalized stiffnesses symmetry. We will thus refer to the total global symmetry of
tends to unity. Sachdev, Senthil, and one of us used ththe effective action in(1) as SU2)xU(1). It is essential,
spinon description and have studied the critical behavior ohowever, that the @) gauge symmetry z(F,7)
frustrated antiferromagnets under the assumption that thesz(",7)e'*"" is broken providegh#0, i.e.,y>—1. Itis
bare transverse and longitudinal stiffnesges,and pﬁ), are only present aty=—1 in which case the action ifl) de-
close to each othér.They also found that as the system scribes collinear antiferromagnets. In this latter case, the de-
approaches the critical point, the ratio of the fully renormal-scription in terms ok quanta is equivalent to the description
ized stiffnesses tends to unity. At criticality, = pj, and the  in terms of Schwinger bosons: the same action aéljnis
symmetry of the underlying action is enlarged from (38U obtained if one introduces the (U gauge invariant

X U(1) to O(4) (see below In this paper, we extend the Schwinger boson decompositioi= blaiﬁbﬁ into the par-

Ea %/(z* 9,2-29,7)?|. (D)
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tition function of the @3) f-field model?® y<1 limit of the
action(1) was studied in detail in Ref. 2. Here we focus ona £=
region neary=—1.

To perform 1M expansion, we need to generalize thewhere we introduced= —(1+ y)/y.

1+r

- r .
[(9,—iA,)z|*+ m|(9ﬂz|2+|)\(|z|2— M),

action to largeM. We generalize the doublet to the The most straightforward way to compute the ratio of the
M-component complex vector, rescale tie field o fully renormalized stiffnesses, which we will follow, is to
z—2/\\M (such thatz¥z,=1, «=1,2,...,M), and intro- perform calculations in the ordered stateTat 0. This state

duce the coupling constagt= MIZpE . We further introduce is realized forg smaller than the critical coupling,. As-
the Hubbard-Stratonovich vector gauge figlgd to decouple  sume that the first component afis condensed. We then
the quartic term, and introduce a constraint into the actiowrite z= (o, #,), and represent as a sum of the condensed
using the integral representation of tAeunction. We then part, Mo, and fluctuations around it,c= Moo+ 0. It
obtain is also convenient to introduce pairs of real variables instead

1 " of complex variabless and 7,: o=x+in, T,=ds,_1

S= _f dzrf drr, ) +i¢,,, and rescale gauge field & —(1+r)A,. Substi-
g 0 tuting these expressions into the action we find

2M -2

L= 0+ (a2 (9,60)"=2IM0070,A, = 2A(X0u 1= 19X+ 10,ub2= dadubrt )

2M -2
ZNO'O)(-I—XZ-F 7>+ 21 Q’)i” ()]

+AZM(L+1)+iN

This decomposition of the field implies that the variables 9,9,\[ g 2(r+gg) -1
¢, describe M —2 transverse fluctuations; is a variable D@ = 7\ | O™ P ) " g
for a longitudinal mode, ang describes fluctuations in the
direction of the condensate. a.9, 9
Our first goal is to integrate out fluctuations pf7, and + —qz o] ®)

¢, and to obtain the effective action for collective variables
A and\. The integration over the longitudinal and transverse
fluctuations yields contributions to the effective action whichNotice that the longitudinal part of the propagator appears
are linear inM, whereas they field contributes only a sub- only due to incommensurabilify.This is a direct conse-
leading,0(1), term which can be safely neglected in the quence of the fact that incommensurability breaks the gauge
leading order calculations in . Performing the Gaussian Symmetry of the actior3).
integration over fluctuating fields and using the constraint The propagator of the constraint fielt “*(q), can be
equation at M=o, we obtain the effective action calculated in a similar way. We found that, to leading order
for  the gauge fluctuations in the  form in /M, II(q) is independent on and has the same form as
Sa=(M/2)[d%qIT,,(q)A,(a)A,(—q), where in Ref. 2:T1*(q) =89%(q+ 1605/g).
We proceed now with the calculations of the stiffnesses at
M=o, The two stiffnesses can be extracted from the long-
distance behavior of the propagators of the transverse and

Bk 1 a3k (2k,+q,)(2k,+7,) longitudinal fields: G;j(q)zqu, G, (@)=pg>. The
I1,.,(9)=2 2m3Ke ) 2n)3 k2(k+q)2 computation of these propagators is straightforward. Trans-
verse fieldsp, do not directly couple to the condensate, and
2(r+02) 205 4.4, all corrections to the free-particle propagator have relative
T 25MVT - ? ? (4) 1/M smallness. Hence fuM =oo propagator coincides with

the bare oneﬁ%(q):g/(Zqz), i.e., p, =2/g. The longitu-
dinal (»-field) propagator is, however, different fro@
The first two terms in(4) are the components of the polar- already at M=x because of the coupling térm
ization operator of the @) o model,I1?,(q), which should «\Maond,A, in (3). This term leads to the finitél =c
be massless due to the gauge invariance of the latter. Usingyrection,
the Pauli-Willars regularization, we obtain
Hffv(q)=(5W—quV/q2)q/16. Collecting all terms in4) g2
di ting th It we find for th field - g9 4.9 g rt+og
z)nr inverting the result we find for the gauge field propaga Gn(Q):z_qz”LMUS 24 Dﬂv(q)zz_qZ —, 6)
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o) thatpH=2r/g(r+a§). We emphasize that E@6) is an So far we were discussing the zero-temperature critical
exactM = o result, not an expansion around the free-particleproperties of incommensurate antiferromagnets. As the expo-
expression. nent 7 is finite for bothy=—1 andy>—1, the staggered
For the ratio of the fully renormalized stiffnesses we thenstatic spin susceptibility,x(q), at criticality possesses a
obtain branch-cut singularity independent on whether the system is
in the basin of attraction of @B) or O(4) fixed points. From
— PP od B od this perspective, the difference betwee(8Cand Q4) criti-
Y= o0 T 0(2) =1x y— 703- @) cal behavior a =0 is only a quantitative but not qualitative

one. In general, however, the descriptions of the system in

This is the key result of th®1 =« consideration. We see that terms offi field and in terms of spinons are fundamentally
as long as the longitudinal stiffness is finiee., y>—1),  different: in the first case the excitations necessary possess
the ratio of the fully renormalized stiffnesses approaches 0 aimteger spin while in the latter one can have excitations with
the system moves to the critical poilty— 0. At criticality, either integer or half-integer spin depending on whether
y=0, and the renormalized actigf) reduces to that for the spinons are confined or not. We now show that the presence
O(2M) o model. At the same time, ifpﬁ:o (i.e., of two fixed points atT=0 gives rise to a confinement-
y=—1), theny=y=—1, and the renormalized action re- deconfinement transition within thdisorderedregion. Con-
tains the symmetry of the isotrop@P" ~* model. Alterna-  sider for definiteness the renormalized-classiR4) regime,
tively stated, forpj=0, which is the case for a collinear 9<g..® Here the ground state is ordered, but an arbitrary
antiferromagnet, the system is in the basin of attraction of thémall temperature leads to the restoration of the spin rota-
CPM-1 fixed point. However, an arbitrary small amount of tional symmetry which implies that one can no longer distin-
noncollinearity drives the system to thé2M) fixed point. ~ guish between transverse and longitudinal fluctuations. Con-

Our next goal is to compute ¥ corrections to the ratio sider first the collinear antiferromagne=—1. Then the
of stiffnesses. These corrections come from self-energy digeritical behavior is governed by the(8) exponents. As the
grams which involve exchange by fluctuations of both theiSotropicCP* model is isomorphic to the @) o model, one
constraint and the gauge field. The computational steps aghould obtain the same result within thiefield and the
rather involved, but conceptually are similar to those dis-SPinon description. We recently demonstrétéuat this is

cussed in Refs. 7,2. For> o2 we obtained indeed the case. Despite the fact that effective acfibn
yields a branch cut behavior of(q) at the mean-field

. 292 4 (M—x) level, the gauge field fluctuations, which appear at

Gy :F( 1=32m L), (8 the 1M level, confine spinons into pairs with integer spin.

These bound states of spinons yield polex({q), and the

202 4 o2 28 long-distance behavior of spin correlators totally consistent
Glzi( 1— —2|-) 1- 21+ ——L|], with the i-field description. The branch-cut to pole transfor-
7 g 37mM r 37°M mation is a direct consequence of the gauge invariance of the

whereL =In(g.— g)/g., ando, is related tay.—g as in the action (1) at y=—1. Unbroken gauge invariance leads to
(0c-0)/g 70 e~ gapless gauge field fluctuations, which give rise to the un-

7 2_(a_ 1-4/(m®M) e e . .
O(2M) model, o5=(1-09/gc) . This is merely a .bounded long-range confining potential between spinons.
consequence of the fact that the propagator of the constraint Let us consider now what happens gt — 1. We have
field does not depend an For the ratio of the stiffnesses we shown in Ref. 6 that the static staggered susceptibility

. — 2
then obtainy= (y/(1+))(1—g/go)* o™, For y<1,  \(q) is proportional to the Green’s functiok(q,x=0) of
this reproduces the result of Ref. 2. We see that théd 1/ the effective inhomogeneous Schrodinger equation
corrections only speed up the flow to the(2®) fixed

point!! For r<o3, the expression foy is rather involved 2
and we refrain from presenting it. - W+V(X)+ 82| ¥ (x)=8(x), (9
For completeness, we also computed critical exponents in
the 1M expansion. Fory=—1 (i.e.,r=0) spinon correla-
tion function and order parameter possesges— 20/7°M,
v=1+16/7°M, 28=1—4/7*M. The actual spin suscepti-
bility is a convolution of two spinon fields, and it has differ-
ent critical exponents, v, etc. We computed the spin sus-
ceptibility to order 1M and foundz=1—32/7?M, v=v,
B=1+0(1M?). The result fory has been reported by us
; 6 meT (= dk i
previously: _ _ _ V(X)=———| =—DyandK)(1—e k). (10)
For y>—1 (i.e.,r>0), the gauge field acquires a mass, M )27 T
and the self-energy terms associated with the exchange of
gauge field fluctuations are no longer singular. We have | the RC regime, we found that in the small momentum
checked that the spinon fields now posses2M)  |imit, D, dK) is
exponents 7=4/3m°M, v=1-16/3mM, 2B=1-4/

where §2=q?/4+m3, andmy is the gap in the spinon spec-
trum. At M=, the confining potential/(x) vanishes, and
x(q) has a branch-cut singularity a=0. At finite M,
V(x) is given by the regularized Fourier transform of the
transverse part of the gauge field propadator

m?M. For spin-spin correlation function and magnetization 17 k2T or]-1
(at arbitrary y) we reproduced the results of Ref. 2: Dtranik)z—[—ﬁ—} (12)
B=1+0(1/M?), v=1—-16/37>M, 7=1+32/37°M. M[127mp 9
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The appearance of the mass termt/@ in Dyand k) were recently studied by Azariet al!? by the renormaliza-
makes the would-be-confining potential between spinongion group and I analysis in all dimensions between 2 and
short ranged: V(x)=(6m3/Mm,)(1—e M), where 4. One of their key findings is that all models with= — 1
ma=myy247r/gT. Our key observation is that the gauge &€ asymptotically equivalent at long distances to the

field massm,, is inversely proportional to the temperature. ©(2M) model. This is in complete agreement with our re-
At high temperaturesn, is small, and the potential is linear SUltS- They also argued that though the low-energy physics is

in x| up to large scales leading to a strong binding oféontrolled by @2M) fixed point, the high-energishort dis-
spinons® However, asT— 0, m,— o, andV(x) reduces to tance behavior for weak incommensurability is still con-

- L L L l . . . . . .
zero in which case no bound states exist. There exists ther@lled by theCP* fixed point—this is also consistent with
fore a critical value of the gauge field mass when the attracQur result that confinement persists at high temperatures.
tion between spinons becomes too weak to bound them intheY, however, did not explicitly discuss the confinement-

pairs. It is not difficult to show that all excited bound statesd€confinement transition for the spin susceptibility.
disappear already at ¢8M)Y3m,/my~O(1). However, the To conclude, in this paper we analyzed the crossover from

first bound state survive as long A&(x—oo) remains the CP'=0(3) to the @4) critical behavior in a model of

positive. Careful analysis of the homogeneous version O»_(veakly frustrated quantum antiferromagnet. We have shown,

Eq. (9) with full D,.{k), performed by Campostrini and I the 1M expansion, that for an arbitrary small bare longi-

. . M-1
Rossi? sh(l)ws that_ the first boun.d state disappears Wh?%&?g%oiséfftgsvs; dtshteh:gﬁ;nfigg\évzo?ma%/'rfgognarnﬁ;ﬁype of
Eﬁé:}g_rz):_iw OCrc;erement—deconflnement temperature Scritical behavior was found previously for the case where the
TPLT , .bare longitudinal and transverse stiffnesses were close to
.AboveT th_erg_ is a confinement, and the staggered_ Staligach othet. It is therefore likely that the @M ) critical be-
spin SUSCEF’Qb'"tg x(q) has a* pole_ singularity, havior [i.e., the @4) behavior for the physical case of
Xcond) =A/(g°+m") (A—0 asT—T7), which translates \, _ 51 hoi4s at least for alpf=<p? . An unresolved issue is

i —1/24—rm ; * ;

Into X(r)ocr_ e at large distances. Below”, SPINONS -\ hether the @) behavior holds for an arbitratarge ratio

are deconfined, angi(q) has only a branch-cut singularity, of p0/p? , or there is a crossover to a different kind of critical

X deconk @) ~ (@2 +m?) ~Y2 which implies that at large dis- . PI'PL+ ™ > @ LTSS ) . . :
econ behavior with possible binding of spinons. This last issue is

tancesy(r)oer—le ™. There is therefore a real change in . . ) M i
the behavior of the physical observableTdt, however, we Interesting on its own ground; but it is al;p possibly Fe'ated
' ' to the controversy surrounding the critical behavior of

do not expect 'ghat there_ will be any changes in the thermoétacked triangular antiferromagnets which, as numerical
dynamic quantities at this temperature.

. o . tudies indicate, possess critical exponents different from the
We also caution that our low-energy analysis is restricte

: . . (4) onest* The ratio of the stiffnesses in 2D triangular
to the neighborhood of the P! fixed point, where the gauge . . ) : : -
field mass is small af~T*. The fate of the transition line at antiferromagnets is not known exactly: noninteracting spin

. . wave calculations yielgh(/p®=2 but first 16 corrections
larger r is unknown simply because one cannot use the ; . .
re not small and substantially reduce this réatio.

Hubbard-Stratonovich decoupling when the gauge field masd "
becomes comparable to the upper cutoff of the théory. ervc\)/_?eﬁsoe?;\&?;hﬁ)\(’\é%thaéit:ti C?ggit't![gn zet\évg:f?ntehriet\g:
The results of the present paper are in agreement wit mp €d p . : -
econfinement transition for static spin susceptibility at a

Ref. 2 and with the results of other authors. Transformatior}. : : : :
. ' inite temperature. Numerical studies of this phenomena are
from free spinons at#0 to the confined ones at=0 was very desirable

observed by Wiegmarfin the exact solution of the two-
dimensional(2D) classical @3) problem. Deconfinement of It is our pleasure to thank P. Azaria, I. Gruzberg, Th.
spinons in theT=0 quantum-disordered phase with incom- Jolicoeur, S. Sachdev, and P. B. Wiegmann for useful dis-
mensurate spin correlations, due to the appearance of tlmissions. We acknowledge support of ITP at UCSB where
gauge field mass, was discussed by Sachdev and Readthis work has been completed. A.C. is supported by the A.P.
Classicald-dimensional versions of the actioii%) and (3) Sloan foundation, O.S. by NSF Grant DMR-9318537.

*On leave from the Institute for High Pressure Physics, 142092,°M. Campostrini and P. Rossi, Riv. Nuovo Cimerit§, 1 (1993.

Troitsk, Moscow Region, Russia. 10p, B. Wiegmann, Phys. LetL52B, 209 (1985.
'P. Azaria, B. Delamotte, and D. Mouhanna, Phys. Rev. I6&t.  INote that in our consideration we do not distinguish between
, 1762(1992. _ stiffnesses and susceptibilities, i.e., wegbt x, p?=x?. In
Aé\éiflhgugtzjkov' S. Sachdev, and T. Senthil, Nucl. Physt8, general, there are two different crossover exponéRes. 2); the

term with the second exponent does not appear in our expression
. for y because we set both spin-wave velocities to unity.
4
A. Angelucci, Int. J. Mod. Phys. B, 659 (1991). 12 . ;
5AF. Andreev and V.I. Marchenko, Sov. Phys. U8, 21 P. Azaria, P. Lecheminant, and D. Mouhanna, Nucl. Phy458
(1980 648 (1995.
: 13
SA.V. Chubukov and O.A. Starykh, Phys. Rev.58, 440 (1995. S. Sachdev and N. Read, Int. J. Mod. Phys5, 219 (199]).

7A.V. Chubukov, S. Sachdev, and J. Ye, Phys. RevdB11 919  “See, e.g., F. David and Th. Jolicoeur, Phys. Rev. [#61.3148
(19949. (1996, and references therein.

8S. Chakravarty, B.I. Halperin, and D.R. Nelson, Phys. Re89B  '°A.V. Chubukov, S. Sachdev, and T. Senthil, J. Phys. Condens.
2344(1989. Matter 6, 8891(1994.

3T. Dombre and N. Read, Phys. Rev.3B, 6797(1989.



