
PHYSICS 717 PROBLEM SET 10due: Monday, April 13, 2009, at the beginning of le
tureProblems1.: Big bang singularity:a): Show that a di�eomorphism invariant s
alar made of 
urvature tensor diverges for the FRW
osmology with a equation of state w = 1/3 for a perfe
t �uid.b): Show that the singularity is spa
elike.answer:(a):Consider the tra
e of Einstein tensor:
Ga

a = R − 2R = −R = 8πTwhere T ≡ T a
a. Hen
e, we 
an rewrite Einstein's equations as

Rab = 8πTab +
1

2
gabR

= 8πTab −
1

2
gab8πT

= 8π(Tab −
1

2
gabT ).For a perfe
t �uid, the stress energy tensor is

Tab = (ρ + P )UaUb + Pgabwhile its tra
e is
T = −(ρ + P ) + 4P = 3P − ρ.As we learned in 
lass, sin
e for equation of state of P/ρ = 1/3, we have T = 0, we 
an negle
t the T termin Rab and write

RabR
ab = 64π2(TabT

ab)

= 64π2[(ρ + P )UaUb + Pgab][(ρ + P )UaU b + Pgab]

= 64π2[(ρ + P )(ρ + P )UaU bUaUb + Pgab(ρ + P )UaU b +

+(ρ + P )UaUbPgab + PgabPgab]

= 64π2[(ρ + P )2 − 2P (ρ + P ) + 4P 2]

= 64π2[ρ2 + 3P 2]

= 64π2ρ2[
4

3
] =

256π2

3
ρ2.We derived in 
lass that

ρ = ρ0(
a0

a
)4.Hen
e, for a → 0, ρ → ∞ and RabR

ab → ∞.b):The surfa
e of singularity is spa
elike if the normal ve
tor to the surfa
e is timelike. Within the parameter-ization
ds2 = −dt2 + a2(t)d~x2,the singularity is at a(t) = 0, i.e. a 
onstant t hypersurfa
e. Sin
e g0i = 0, (∂t)

µ is normal to the 
onstant thypersurfa
e, and sin
e (∂t)
µgµν(∂t)

ν = −1, this normal ve
tor is timelike. Hen
e, the surfa
e of singularityis spa
elike. 1



englishPHYSICS 717 PROBLEM SET 10 22.: Show that the spatial part of the FRW metri
 for K = 1 
orresponds to the metri
 of a 3-sphereembedded in Eu
lidean 4-spa
e. (i.e. Equation for a 3-sphere in Eu
lidean 4-spa
e is
R2 = x2

1 + x2
2 + x2

3 + x2
4where R is the radius of the 3-sphere.)answer:A 3-sphere in Eu
lidean 4-spa
e is de�ned by the equation

R2 = x2
1 + x2

2 + x2
3 + x2

4.Suppose we parameterize a 
urve on the 3-sphere by λ. Sin
e we are in Eu
lidean 4-spa
e, the in�nitesimaldistan
e 
orresponding to the ve
tor d
dλ is

dl2 = [(
d~x

dλ
)2 + (

dx4

dλ
)2]dλ2where ~x = (x1, x2, x3). Sin
e x4 
an be solved for in terms of ~x, we write

x4 = ±
√

R2 − ~x2.De�ning the usual spheri
al 
oordinates with the radial 
oordinate de�ned as r̃, we 
an rewrite this as
x4 = ±

√

R2 − r̃2.Hen
e,
dx4 =

±r̃dr√
R2 − r̃2and

dl2 = d~x2 +
r̃2dr̃2

R2 − r̃2
.Now, d~x2 
an be expressed in terms of usual spheri
al 
oordinates as

d~x2 = dr̃2 + r̃2dΩ2.Hen
e, we �nd
dl2 =

R2dr̃2

R2 − r̃2
+ r̃2dΩ2

=
dr̃2

1 − r̃2

R2

+ r̃2dΩ2.As we have learned in 
lass, the spatial part of the FRW metri
 for a �xed time t0 is given by
d~l2 = a2(t0)[

dr2

1 − Kr2
+ r2dΩ2]whi
h means that we 
an identify

a(t0)dr = dr̃

K =
a2(t0)

R2
.We 
an always adjust a(t0) su
h that K = 1. Hen
e the spatial part of the FRW metri
 for K = 1 
orrespondsto the metri
 of a 3-sphere embedded in Eu
lidean 4-spa
e.3.: Be
ause ele
trons 
ombined with protons to form neutral hydrogen at temperature of about 0.3 eV,majority of the 
osmi
 ba
kground photons that we see last s
attered o� of 
harged parti
les at thattemperature. This is 
alled the �last s
attering surfa
e.� (All answers should be a

urate at least toan order of magnitude.)a): Given that the temperature of the 
osmi
 ba
kground photon today is about 2.3 × 10−4eV,
ompute the redshift z∗ at the last s
attering surfa
e.



englishPHYSICS 717 PROBLEM SET 10 3b): Compute the physi
al distan
e (on the homogeneous spa
elike hypersurfa
e today) from Earthto the last s
attering surfa
e. (i.e. The last s
attering surfa
e o

upies a �xed 
oordinatedistan
e with respe
t to us today. Compute the physi
al distan
e between that surfa
e and uswhere the spatial metri
 is de�ned on the homogeneous spa
elike hypersurfa
e today.) Assumemattter domination.
): How far 
an a photon travel from the time of big bang singularity to the time of the lasts
attering surfa
e? If you 
all that distan
e X , a 
ausally 
onne
ted volume region at the timeof last s
attering surfa
e is X3 (assuming 
ausal pro
esses started at the big bang singularity).d): About how many 
ausally dis
onne
ted pat
hes are there at the last s
attering surfa
e. [Useresults of part 
).℄answer:(a):As we have shown in 
lass, redshift of light due to 
osmologi
al expansion is given as
(1 + z(t)) =

a(t0)

a(t)and the entropy 
onservation leads to
T ∝ 1

a
.Hen
e, we have

(1 + z) =
T

T0
.Plugging in T ∼ 10−1 eV and T0 ∼ 10−4eV, we �nd the redshift to be

zl ∼ 103at the last s
attering surfa
e.(b):The physi
al distan
e is given as
l = a0

∫

dr.To 
ompute ∫

dr, we need to integrate the geodesi
 equation. The radial null geodesi
s are found by setting
ds2 = 0:

∫

dr =

∫

dt

a

=

∫

da

ȧa

=

∫

da

a2

√

8π
3

[

ρ + K
a2

]where we used the Friedmann equation in the last equality. Hen
e, we need to 
ompute
l = a0

∫ r

0

dr =

∫ 1

aLSS/a0

d(a/a0)
√

8π
3

[

ρ( a
a0

)4 + K
a2
0

( a
a0

)2
]

=

∫ 1

1
1+zLSS

dx
√

8π
3

[

ρx4 + K
a2
0

x2
]where zLSS ∼ 103 is the redshift to the last s
attering surfa
e. We need to spe
ify ρ. Sin
e

ρR/ρM |t0 ∼ 10−4, ρM/ρdark energy|t0 ∼ O(1)and K ≈ 0, and sin
e ρR/ρM ∝ a ∝ (1+z), we 
an to an order of magnitude a

ura
y simply assume matterdomination to the zLSS . Hen
e, we use
ρ ≈ ρ0

(a0

a

)3
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orresponding to matter domination and �nd
l =

∫ 1

1
1+zLSS

dx
√

8π
3 ρ0x

=
1

√

8π
3 ρ0

∫ 1

1
1+zLSS

dx√
x

=
2

√

8π
3 ρ0

(

1 −
√

1

1 + zLSS

)Substituting zLSS = 103, we �nd
l =

2
√

8π
3 ρ0Numeri
ally, this 
orresponds to about 2

70km/s/Mp
(3 × 105km/s) ≈ 9 × 103 Mp
 ≈ 3 × 1028
m. That is apretty large distan
e! The modern CMB measurements are seeing that far away!(
):As in part (b), using the null geodesi
 
ondition ds2 = 0, we 
an write the length at the last s
atteringsurfa
e as
X =

aLSS

a0

∫ 1
1+zLSS

0

dx
√

8π
3 ρx4where as before we are negle
ting the 
urvature part. Just as in part b), for an order of magnitude a

ura
y
omputation, negle
t dark energy:

ρ ∼ ρR0x
−4 + ρM0x

−3.We thus �nd
X ∼ 1

1 + zLSS

∫ 1
1+zLSS

0

dx
√

8π
3 [ρR0 + ρM0x]

=
1

1 + zLSS

∫ 1
1+zLSS

0

dx
√

8π
3 ρM0

[

ρR0

ρM0
+ x

]

=
2

√

8π
3 ρM0

1

1 + zLSS

(
√

ρR0

ρM0
+

1

1 + zLSS
−

√

ρR0

ρM0

)

∼ 2
√

8π
3 ρM0

1

(1 + zLSS)3/2Numeri
ally, this is of the order of O(0.3) Mp
.(d):From the given question, the student 
ould have written two di�erent 
lasses of answers: area pat
hes andvolume pat
hes.area pat
hes: If the pat
h is interpreted as the area on the 2-surfa
e of last s
attering (surfa
e of a 2-spheresurrounding earth), the student would work with the area observable to us (from part (b)), notingarea today = 4πl2.At the time of the last s
attering surfa
e, the area wasarea at the last s
attering surfa
e = 4πl2(
a(tLSS)

a(t0)
)2

=
4πl2

(1 + zLSS)2



englishPHYSICS 717 PROBLEM SET 10 5The number of 
ausally 
onne
ted pat
hes at the last s
attering surfa
e is
Nc = area at the last s
attering surfa
e/X2

=
4πl2

(1 + zLSS)2X2where X was de�ned in part (
). Hen
e, in this 
ase, the student would arrive at
Nc ∼ O(10)

{

2√
8π
3

ρ0

}2

(1 + zLSS)2
{

2√
8π
3

ρM0

1
(1+zLSS)3/2

}2

∼ (1 + zLSS)O(10)

∼ 104.volume pat
hes: If the pat
h is interpreted as the volume on the 3-surfa
e of last s
attering, the studentwould work with volumes notingvolume today bounded by last s
attering surfa
e =
4π

3
l3.At the time of the last s
attering surfa
e, the same volume was s
aled down by the s
ale fa
torvolume at the last s
attering surfa
e =

4π

3
l3(

a(tLSS)

a(t0)
)3

=
4πl3

3(1 + zLSS)3The number of 
ausally 
onne
ted volumes within this volume is
Nc = volume at the last s
attering surfa
e/X3

∼ l3

(1 + zLSS)3X3where X was de�ned in part (
). Hen
e, in this 
ase, the student would arrive at
Nc ∼

{

2√
8π
3

ρ0

}3

(1 + zLSS)3
{

2√
8π
3

ρM0

1
(1+zLSS)3/2

}3

∼ (1 + zLSS)3/2

∼ O(104)whi
h is 
oin
identally similar.3.: Find a solution to the Einstein's equations if the stress tensor is dominated by a 
osmologi
al
onstant. Write the solution in the form
ds2 = −dt2 + gijdxidxjand �nd gij .answer:The 
osmologi
al 
onstant is 
hara
terized by

ρ = 
onstant.Hen
e, Friedmann equation yields
ȧ

a
≈ 8π

3

√
ρwhi
h in turn yields

a ≈ a0 exp

(

8π

3

√
ρt

)

.
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e
gij ≈ a0 exp

(

8π

3

√
ρt

)

δij .4.: Show that a self-gravitating over density relative to an average ba
kground density 〈ρ〉, i.e.
δ(x) ≡ ρ(x) − 〈ρ〉

〈ρ〉will grow linearly with the expansion of a matter dominated universe.answer:In le
ture, we saw
Φ′′ + 3

a′

a
Φ′ +

[

2∂η

(

a′

a

)

+ (
a′

a
)2

]

Φ = 4πa2δPδi
j .In matter dominated universe P = 0 = δP . Furthermore, sin
e

∫

dt

a
=

∫

dηand sin
e during matter domination, a ∝ t2/3 as we saw in 
lass, we �nd
t1/3 ∝ ηor

a = a0

(

η

η0

)2

.Hen
e,
2∂η

(

a′

a

)

+ (
a′

a
)2 = 0and the equation governing the potential be
omes simple:

Φ′′ +
6

η
Φ′ = 0.Just as in le
ture, separation of variables with ea
h mode labeled by k allows us to trivially integrate to �ndthe time dependen
e of ea
h mode

Φ =
∑

k

(c1(k) +
c2(k)

η5
)fk(~x).Sin
e the δρ equation is

−3
a′

a
(
a′

a
Ψ + Φ′) + ∂2

i Φ = 4πa2δρwe �nd that as η → ∞
δρ ∼ 1

4πa2

∑

k

c1(k)∂2
i fk(~x)sin
e all other terms fall o� faster with time. Sin
e 〈ρ〉 ∝ a−3, we have arrived at

δρ

ρ
∝ aas η → ∞.


