
PHYSICS 717 PROBLEM SET 11due: Monday, April 20, 2009, at the beginning of le
tureProblems1.: Derive starting with
Gab = 8πTaband

gαβ = ηαβ + hαβthe linearized equation
−

1

2
∂λ∂λh̄αβ + ∂λ∂(β h̄α)λ −

1

2
ηαβ∂λ∂γ h̄λγ = 8πTαβwhere

h̄αβ ≡ hαβ −
1

2
ηαβh.(Hint:: Evaluate the Ri

i tensor and Ri

i s
alar in the frame in whi
h Γλ

αβ = 0. )answer:To linear order in hαβ and the de�nition of Γγ
αβ , it is obvious that

Γγ
αβ =

1

2
ηγλ(hαλ,β + hβλ,α − hαβ,λ)sin
e the h term in the inverse metri
 
ontributes higher order in h perturbations. In the frame in whi
h Γλ

αβ = 0, we �nd
Rαβ = Γλ

αβ,λ − Γλ
λβ,α

=
1

2
∂λ(hαλ,β + hβλ,α − hαβ,λ) −

1

2
ηγλ∂α(hγλ,β + hβλ,γ − hγβ,λ)

= ∂λ∂(βhα)λ −
1

2
∂λ∂λhαβ −

1

2
h,βαFinally, we 
an write

R = ∂λ∂βhλβ − ∂λ∂λh.Hen
e
Gαβ = ∂λ∂(βhα)λ −

1

2
∂λ∂λhαβ −

1

2
h,βα −

1

2
ηαβ

[

∂λ∂βhλβ − ∂λ∂λh
]

.To put this in a neater form, de�ne
h̄αβ ≡ hαβ −

1

2
ηαβhand evaluate

−1

2
∂λ∂λh̄αβ + ∂λ∂(β h̄α)λ −

1

2
ηαβ∂λ∂γ h̄λγ =

−1

2
∂λ∂λhαβ + ∂λ∂(βhα)λ −

1

2
ηαβ∂λ∂γhλγ

1

4
∂λ∂λ(ηαβh) −

1

4
∂α∂βh −

1

4
∂β∂αh +

1

2
ηαβ

1

2
ηλγ∂λ∂γh =

−1

2
∂λ∂λhαβ + ∂λ∂(βhα)λ −

1

2
ηαβ∂λ∂γhλγ

−
1

2
∂α∂βh +

1

2
ηαβ∂λ∂λhHen
e, we have veri�ed

−
1

2
∂λ∂λh̄αβ + ∂λ∂(β h̄α)λ −

1

2
ηαβ∂λ∂γ h̄λγ = 8πTαβ2.: Re
all from le
ture that the Lorentz gauge residual gauge �xing 
onditions h = 0 and hµ0 = 0 
an both be satis�edsimultaneously. Che
k this expli
itly by showing that

{

A00 + 2iβ0k0 =
−1

2
Aα

α, i [βik0 + β0ki] = −A0i

}1



englishPHYSICS 717 PROBLEM SET 11 2(whi
h 
omes from ) together with =0 implies
iβγkγ =

1

2
Aα

αwhi
h is equivalent to h = 0. (The de�nition of the notation is from le
ture.)answer:The equation A00 + 2iβ0k0 = −1
2 Aα

α, 
an be solved for β0 to obtain
β0 =

(

−A00 −
1
2Aα

α

)

2ik0Solving i [βik0 + β0ki] = −A0i for βi then gives
βi =

[

iA0i −

(

−A00 −
1
2Aα

α

)

2ik0
ki

]

1

k0
.Hen
e, we have

iβγkγ = i
[

β0k0 + βiki

]

=

(

A00 + 1
2Aα

α

)

2
+

[

−A0i −

(

−A00 −
1
2Aα

α

)

2k0
ki

]

ki

k0

=

(

A00 + 1
2Aα

α

)

2
+ −A0i

ki

k0
−

(

−A00 −
1
2Aα

α

)

2where the last equality is obtained by using the dispersion relationship kiki = k2
0 . Hen
e

iβγkγ = −A0i
ki

k0
+ A00 +

1

2
Aα

αSin
e ∂µh̄µν = 0,
ik0A00 = ikiAi0.Hen
e, we �nd

iβγkγ = −A00 + A00 +
1

2
Aα

α

=
1

2
Aα

α.3.: Green's fun
tion exer
ise: Suppose you are told that the gravitational waves in a strange world obey the followingequation:
∂λ∂λh̄αβ(t, ~x) − m2h̄αβ(t, ~x) = −16πTαβwith an external sour
e given by

Tαβ = MΘ(t)δ(3)(x)δα0δβ0where {ω, R, m} are positive 
onstants and ωL ≪ 1. (Θ(t) is a step fun
tion whi
h is unity when t > 0 and zerootherwise). Compute the time average
〈h̄αβ〉 ≡ lim

T→∞

1

T

∫ T

0

dth̄αβ(t, ~x)for the solution satisfying boundary 
onditions h̄αβ |t=−1/m = 0 and ∂th̄αβ |t=−1/m = 0. You may �nd the followingintegral useful:
∫

∞

−∞

dy
y sin(yc)

1 + y2
= πe−cfor c > 0.answer:By the method of Green's fun
tions, one 
an immediately write down the formal answer

h̄αβ = −16π

∫

d4x′G(x, x′)Tαβ(x′)up to boundary 
onditions whi
h we 
an ful�ll by adding homogeneous solutions if ne
essary. To �nd G(x, x′), we take theFourier transform as in the le
ture notes:
G̃(k) =

−1

kµkµ + m2
.Writing the inverse Fourier transform, we �nd

G(x, x′) = −

∫

d4k

(2π)4
eik·(x−x′)

−(k0)2 + ~k2 + m2



englishPHYSICS 717 PROBLEM SET 11 3For − , we have a pole on the real axis and we must analyti
ally 
ontinue to the 
omplex plane as in the 
asefor m = 0. Doing the integral, we have ∫

d4x′G(x, x′)Tαβ(x′) being
h̄αβ = −16π

∫

d4x′G(x, x′)MΘ(t′)δ(3)(x′)δα0δβ0

= −16πδα0δβ0M

∫

∞

0

dt′G(t, ~x; t′, 0)

= 16πδα0δβ0M

∫

∞

0

dt′
∫

d4k

(2π)4
ei~k·~xe−ik0(t−t′)

−(k0)2 + ~k2 + m2
.Integrating over dk0, we �nd

I ≡

∫

d4k

(2π)4
ei~k·~xe−ik0(t−t′)

−(k0)2 + ~k2 + m2
= −

∫

d3kdk0

(2π)4
ei~k·~x e−ik0(t−t′)

(k0 − (wk − iǫ))(k0 − (−wk − iǫ))where the iǫ enfor
es 
ausal boundary 
ondition for the Green's fun
tion and wk ≡
√

m2 + ~k2. Carrying out the integral
I = −

∫

d3k

(2π)4
ei~k·~xΘ(t − t′)(−2πi)

{

e−iwk(t−t′)

2wk
−

eiwk(t−t′)

2wk

}

= −Θ(t − t′)

∫

d3k

(2π)3
ei~k·~x sin [wk(t′ − t)]

wk

= −Θ(t − t′)

∫

∞

0

dkk2d cos θ

(2π)2
eikr cos θ sin [wk(t′ − t)]

wk

= −Θ(t − t′)

∫

∞

0

dkk2

(2π)2

[

eikr − e−ikr

ikr

]

sin [wk(t′ − t)]

wk

= −Θ(t − t′)

∫

∞

0

dkk2

(2π)2

[

2 sinkr

kr

]

sin [wk(t′ − t)]

wkHen
e, the solution is
h̄αβ = −16πδα0δβ0M

∫

∞

0

dt′Θ(t − t′)

∫

∞

0

dkk2

(2π)2

[

2 sinkr

kr

]

sin [wk(t′ − t)]

wk

= −16πδα0δβ0M

∫ t

0

dt′
∫

∞

0

dkk2

(2π)2

[

2 sinkr

kr

]

sin [wk(t′ − t)]

wk

= −16πδα0δβ0M

∫

∞

0

dkk2

(2π)2

[

2 sinkr

kr

] (

−1 + cos[wkt]

w2
k

)

Θ(t)Clearly, this satis�es the boundary 
ondition at t < 0. Time averaging, we have
lim

T→∞

1

T

∫ T

0

dt cos[wkt] = lim
T→∞

sin[wkT ]

wkT
= 0

〈h̄αβ〉 = 16πδα0δβ0M

∫

∞

0

dkk2

(2π)2

[

2 sinkr

kr

]

1

w2
k

= 8πδα0δβ0M

∫

∞

−∞

dkk2

(2π)2

[

2 sinkr

kr

]

1

k2 + m2

= 8πδα0δβ0Mm

∫

∞

−∞

dyy2

(2π)2

[

2 sin yc

yc

]

1

y2 + 1

= 8πδα0δβ0
Mm

2π2

e−cπ

c

= 4δα0δβ0
M

r
e−mrwhere in the intermediate steps, we used c ≡ rm.4.: Cal
ulate the gravitational radiation luminosity of a spining thin uniform metal rod of mass M and length l, spinningat frequen
y w around a symmetri
al perpendi
ular axis. Estimate the ele
tromagneti
 luminosity whi
h would arisefrom the slight ex
ess of ele
trons pushed toward the ends by �
entrifugal for
e.� (Note the ele
tromagneti
 radiationis approximately quadrupole in this 
ase sin
e the dipole 
harge distribution is approximately zero.) If the rod has areasonable density (10g/
m3) and is rotating at a reasonable frequen
y (1 kHz), will ele
tromagneti
 or gravitationalradiation be more important in slowing the rotation?answer:



englishPHYSICS 717 PROBLEM SET 11 4The gravitational radiation luminosity of a spinning thin uniform metal rod of mass and length 
an be 
al
ulated simplyfrom the formula
P =

1

45

3
∑

ij=1

(
d3Qij

dt3
(t − R))2where

Qµν = qµν −
1

3
δµνq

qµν = 3

∫

T 00(t, ~x)xµxνd3xwhere i, j ∈ {1, 23}. The energy density of the rod when not spinning and lying along the x-axis is
T̃ 00(t, r) =

M

l
δ(ỹ)δ(z̃)θ(

l

2
− x̃)θ(x̃ +

l

2
)where θ is the step fun
tion. Assuming nonrelativisti
 rotation speeds, we 
an treat qij like a 3-tensor and make the rotationtransformation after 
omputing in the rest frame. In the rest frame, we 
an simply 
ompute

qij = 3

∫

d3x̃x̃ix̃jδ(ỹ)δ(z̃)θ(
l

2
− x̃)θ(x̃ +

l

2
)
M

l

=
3M

l
δi1δj1 x̃3

3
|
l/2
−l/2

=
Ml2

4
δi1δj1.When spinning, assuming nonrelativisti
 rotation speeds, we 
an write

qij =
∂xi

∂x̃k

∂xj

∂x̃l
q̃klwith the 
oordinate transformations given by

(

coswt sin wt

− sinwt coswt

) (

x̃

ỹ

)

=

(

x

y

)

.Hen
e, for i, j ∈ {1, 2}, we have
qij =

Ml2

4

(

coswt sin wt

− sinwt coswt

)(

1
0

) (

coswt sin wt

− sinwt coswt

) (

1
0

)

=
Ml2

4

(

cos2 wt − sinwt cos wt

− sinwt coswt sin2 wt

)and
q33 = q13 = q23 = 0.

Q11 =
Ml2

4
[cos2 wt −

1

3
]

=
Ml2

4
[
1

2
cos 2wt +

1

2
−

1

3
]

Q22 =
Ml2

4
[sin2 wt −

1

3
]

=
Ml2

4
[
1

2
−

1

2
cos 2wt −

1

3
]

Q33 =
−1

3

Ml2

4

Q12 = q12 = −
Ml2

4
sin wt cos wt = −

Ml2

4

1

2
sin 2wt

Q13 = 0 = Q23



englishPHYSICS 717 PROBLEM SET 11 5In the steady state 
ase, we have the luminosity (time averaged power) to be
〈P 〉 =

1

45

3
∑

ij=1

(
d3Qij

dt3
(t − R))2 =

1

45
[〈
...
Q11〉

2 + 〈
...
Q22〉

2 + 2〈
...
Q12〉

2 + time independent terms]
=

1

45
(
Ml2

4
)2[〈{

1

2
(2w)3 sin 2wt}2〉 + 〈{−

1

2
(2w)3 sin 2wt}2〉 + 2〈{

1

2
(2w)3 cos 2wt}2〉]

=
1

45

M2l4

16
[16w6 1

2
+ 16w6 1

2
+ 2(16w6 1

2
)]

=
2

45
M2l4w6We would now like to 
ompare this with ele
tromagneti
 radiation. As the bar is rotating, ele
trons will be pushed againstthe end, produ
ing a 
harge 
on�guration of − + +−. If the ele
tri
 potential is given by φ, we have at radial lo
ation r

|e∇φ| = rmew
2where me is the mass of the ele
tron. This implies that the 
harge distribution |ρe| = | 1

4π∇
2φ| ∼ 1

4π
mew2

e . Note that thedipole moment ~d of this 
harge distribution vanishes:
|~d| = |

∫

ρe(x)~xd3x|

∼ |
1

4π

∫ l/2

−l/2

mew
2

e
xdxA| = 0where A is the 
ross se
tional area. This vanishes sin
e x is an odd fun
tion and the integral is symmetri
. Hen
e, just as inthe gravitational radiation, the leading radiation 
ontribution is the quadrupole and not the dipole.The ele
tri
 quadrupole moment is

dij = 3

∫

ρex
ixjd3xwhi
h 
an be estimated as

d11 ∼
mew

2

e
l3A cos2 wt.Note that it does not vanish be
ause x2 is an even fun
tion. This should yield, just as for the gravitational radiation

〈Pem〉 ∼ 〈(
...
d

11
)2〉 ∼ (

mew
5

e
l3A)2.The ratio of this to the gravity wave power is

〈Pem〉

〈P 〉
∼

m2
ew

10l6A2

e2

1

M2l4w6
=

m2
ew

4l2A2

e2M2
=

m2
ew

4

e2ρ2
.Restoring GN , we have

〈Pem〉

〈P 〉
∼

m2
ew

4

e2ρ2GNUsing
me

e
∼

0.511 MeV
4.8 × 10−10esu =

0.511 MeV
0.3

GN ∼
1

(1.22 × 1019GeV)2

ρ ∼ 10g/
m3 ∼ 4 × 10−17GeV4

w ∼ 2πkHz ∼ 4 × 10−21GeV
〈Pem〉

〈P 〉
∼ 10−17.Amazingly enough, the gravitational radiation wins over the ele
tromagneti
 radiation. Of 
ourse, this is a rare situationsin
e we had the dipole vanishing and the quadrupole indu
ed very weakly by rotational dynami
s.


