PHYSICS 717 PROBLEM SET 11

due: Monday, April 20, 2009, at the beginning of lecture
Problems
1.: Derive starting with
Gap, = 8mTep
and
gop = Nap + hap

the linearized equation

1 . _ 1 _
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where
- 1
hag = hag — 57]&5/1.
(Hint:: Evaluate the Ricci tensor and Ricci scalar in the frame in which I‘éﬁ =0.)
answer:

To linear order in hop and the definition of I‘Z[ﬁ , it is obvious that

Lo = %Tlﬂ(hm,ﬁ + hgra = hap,x)
since the h term in the inverse metric contributes higher order in h perturbations. In the frame in which Féﬁ =0, we find
Rop = Fi,@,x - Fﬁ,@,a
= éax(haw + hoxa = hapa) — %ﬂ“aa(hvw + hpay = hysa)
= 09 ghayx — %a)‘a)\ha,g - %h,ga
Finally, we can write
R = 9"0°hyg — 0 0rh.
Hence
Gag = 0*0ghays — %a)‘(%\ha,g - %h,ﬁa - %W [020P hag — 0*ONh] .
To put this in a neater form, define

1
hag = hag — 577a5h

and evaluate
S0 0T + 0 sho — 5m0s? s, =
%la*ahh(w + 0*0(shays — %nagaAaWhA,y
L0 0N (ush) — 10a0sh — (50 30 gm0 =
;a*mh(w + 09 ghayx — %Wa*avhm
—%aaaﬁh + %naﬁa*cxh
Hence, we have verified
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2.: Recall from lecture that the Lorentz gauge residual gauge fixing conditions h = 0 and h,o = 0 can both be satisfied
simultaneously. Check this explicitly by showing that

. -1 ., .
{Aoo + 2iBoko = 714 s 1 [Biko + Boki] = —Am}

1



1
ik, = §A°‘a
which is equivalent to h = 0. (The definition of the notation is from lecture.)
answer:

The equation Agg + 2iBoko = %A"‘a, can be solved for By to obtain
(Ao 34%)
fo=-—F7"—"
21]60
Solving i [B;ko + Boki] = —Ag; for 3; then gives

Bi = 2iko

_ _ 1A
iAOi—Mkz} 1

Hence, we have

ik, = i [8%o + B'ki]
A 1pe —Agy — 1A ;
— M+ _Am_wki ki
2 2k ko
_ Aot 5A%) ke (FAo —34%)
a 2 "ko 2
where the last equality is obtained by using the dispersion relationship k;k; = k3. Hence
ki 1
iﬁ7k7 = —Agy— + Ao + —Aaa
ko 2
Since 9,h** =0,
ikoAoo = 1k; Aig.
Hence, we find
1
iﬁ7k7 = —Ay+ Ago + EAaa

e,
3.: Green’s function exercise: Suppose you are told that the gravitational waves in a strange world obey the following
equation:
8’\8A5a5(t, :f') — mzﬁa,g(t, :f') = —167T4,p
with an external source given by
Top = MO (1) (2)840050
where {w, R, m} are positive constants and wL < 1. (©(¢) is a step function which is unity when ¢ > 0 and zero
otherwise). Compute the time average
T

T—oo T 0

for the solution satisfying boundary conditions ﬁa5|t:_1/m = 0 and 8tﬁa5|t:_1/m = 0. You may find the following
integral useful:
/°° dyysin(yC) i
oo T4y?

for ¢ > 0.
answer:

By the method of Green’s functions, one can immediately write down the formal answer
hap = —167r/d4x'G(x,x')Ta5(x')

up to boundary conditions which we can fulfill by adding homogeneous solutions if necessary. To find G(x, '), we take the

Fourier transform as in the lecture notes: )

Gk) = —F———.
(k) ktk, +m?
Writing the inverse Fourier transform, we find

d4k eik»(mfm')
N —
Gwa) =~ @m)F (k02 1 B2 4 m2




for m = 0. Doing the integral, we have | d*z'G(z,2")TLg(2") being

hag = —1l6m / d*z' Gz, 2" ) MOt )6 (/)50
= —167T(5a0(550M/ dtG 0)
4 ik @ o —ik® (t—t')
= 167T5a0550M/ dt/ dk
+/€2+m2

Integrating over dk®, we find

. / d4k eikiefiko(tft') o / d3kdkO eiE-i efiko(tft')
) @m)t —(k0)2 + B2 + m2 (2m)* (K0 — (wy, —i€)) (K0 — (—wy, — i€))

where the ie enforces causal boundary condition for the Green’s function and wy, = V' m? + k2. Carrying out the integral

Bk e , . e—iwk(t—t’) eiwk(t—t’)
I = —/We @(t—t)(—2’ﬂ'l){ 2wk - 2wk
A3k psin [wg(t —t)]
- _O(t—-¢t ik-Z
o )/ (271')36 W
* dkk*dcost sin [wg (¢t — t)]
_ Y ikr cos 0
= —O( t)/o ENCISE e B —
_ (-1 /°° dkk? [ethr - e~ 7 sin [wy (¢ — t)]
o (2m)2 ikr wg
* dkk? [2sinkr] sin[wy(t' — )]
= —-o@t-t
o )/0 (2m)? { kr } W

Hence, the solution is

>

* dkk? [2sin kr} sin [wy (t' — t)]
ap

—1676,0030M dt'et —t
670a0950 / o )/0 (27)2 kr

2 . . ’r
—167r5a0650M/ gt / dkk2 {2 sin kr] sin [wy (' — t)]
kr W

Wi

dkk?® [2sinkr] [ —1+ cos[wyt]
= —167dn0050M o(t
wiobot [ o MK I "
Clearly, this satisfies the boundary condition at ¢ < 0. Tlme averaging, we have
3] T
lim —/ dt cos[wyt] = 1im % =0
T—oo T T—o0 U}kT

. dkk? [2sinkr] 1
<haﬁ> = 167T(5a()5,30M/ 2 [T:| _i

e dkk2 2sin kr 1

= al M
8mda00g0 / )2 [ kr ] k2 4+ m?
> dyy 2sinyc 1
ye |y*+1

= 8ud ()(Sﬁ()Mm/

Mme C7r

== 871’5(10550

—mnr

M
= 45&0550 —€
r

where in the intermediate steps, we used ¢ = rm.

4.: Calculate the gravitational radiation luminosity of a spining thin uniform metal rod of mass M and length [, spinning
at frequency w around a symmetrical perpendicular axis. Estimate the electromagnetic luminosity which would arise
from the slight excess of electrons pushed toward the ends by “centrifugal force.” (Note the electromagnetic radiation
is approximately quadrupole in this case since the dipole charge distribution is approximately zero.) If the rod has a
reasonable density (10g/cm?) and is rotating at a reasonable frequency (1 kHz), will electromagnetic or gravitational
radiation be more important in slowing the rotation?

answer:



from the formula

where

1
Q/w =quv — gélwq

qQuv = 3/T00(t, f)x"x”d%x

where i,j € {1,23}. The energy density of the rod when not spinning and lying along the z-axis is

~ M_, oo

T(t,r) = —-8()6(2)0(5 — 20 + 5)
where 6 is the step function. Assuming nonrelativistic rotation speeds, we can treat ¢/ like a 3-tensor and make the rotation
transformation after computing in the rest frame. In the rest frame, we can simply compute

- L l .M
¢ = 3/d3szf%z15(g)5(2)9(§ —2)0(F +5)T
— %ylgjli_ﬂl/?
l 3 —1/2
MI?
= — it
4
When spinning, assuming nonrelativistic rotation speeds, we can write
ij _ 0z’ %jqkl
ozk o7
with the coordinate transformations given by
coswt  sinwt T\ _ [ =
—sinwt coswt g ) \vy /)’
Hence, for 4,j € {1,2}, we have
i Mi? coswt  sinwt 1 coswt  sinwt 1
q - 4 —sinwt coswt 0 —sinwt coswt 0
_ MI? cos? wt — sin wt cos wt
B 4 — sin wt cos wt sin? wt
and
PP =qB=¢® =0
Mi? 1
Q1 = T[cos2 wt — §]
MIi? 1 1
12 1
Qrp = ——[sin®wt— g]
Mi?1 1
= T[§—§Cos2wt—§]
—1 MI?
9= 3T
Ml2 2
Q2 =q'? = -1 sin wt cos wt = ~~1 3 sin 2wt

Q13 =0 = Qa3



3

1 d®Qi; 1 - o
Py = 15 Z;( dt3J (t—R))* = 4—5[<Q11>2 + (Q29)” + 2(Q12)” + time independent terms]

1 M2, 1 1 1

- 4—5(Tl)2[<{§(2w)3 sin 2ut}?) + ({3 (2u)® sin2ui}?) +2({5(2w)° cos2ut)?)
1 M24 1 1 1

= — 16wS= + 16w’ = + 2(16w° =
; 16[6w2+ 6w2—|—(6w2)]
2

- C AW
1 "w

We would now like to compare this with electromagnetic radiation. As the bar is rotating, electrons will be pushed against
the end, producing a charge configuration of — 4+ +—. If the electric potential is given by ¢, we have at radial location r
leVo| = rmew?

where m, is the mass of the electron. This implies that the charge distribution |p.| = | V2¢| ~ ﬁmeTW Note that the

dipole moment d of this charge distribution vanishes:

d o= | / pe(z)Td%]
1

1/2
/ mew?

~

— dzA|l =0
471' —l/2 e xx|

where A is the cross sectional area. This vanishes since x is an odd function and the integral is symmetric. Hence, just as in
the gravitational radiation, the leading radiation contribution is the quadrupole and not the dipole.
The electric quadrupole moment is

dv = S/pea:ixjd%:

which can be estimated as

2
't ~ Y13 A cos? wt.
e
Note that it does not vanish because z2? is an even function. This should yield, just as for the gravitational radiation
5
(Pa) ~ (1)) ~ (2204
The ratio of this to the gravity wave power is
(Pem,) N m2wl®®A% 1 _ m2wt? A2 _ m2w?
(P) o2 M2145 2 M2 e2p?
Restoring Gy, we have
(Pen) m2w?
(P) e2p2Gy
Using
Me 0.511 MeV ~ 0.511 MeV
e 4.8 x 10~ 1%su 0.3
1
Gn ~

(1.22 x 1019GeV)2
p~10g/cm® ~ 4 x 10717 GeV*
w ~ 27kHz ~ 4 x 107> GeV
(Pem)
(P)
Amarzingly enough, the gravitational radiation wins over the electromagnetic radiation. Of course, this is a rare situation
since we had the dipole vanishing and the quadrupole induced very weakly by rotational dynamics.

~ 10717,




