
Physics 717 Problem set 4

February 23, 2009

due Monday, Feb 23, 2009, at the beginning of lecture

1. Wald Chapter 3, problem 1.

answer

a)

Following lecture 8, all the steps are identical up to bottom of page 5 where

∇aωb = ∇̃aωb − Ccabωc

where ωc is a one-form, Ccab is a (1, 2) form, and {∇̃,∇} are two di�erent derivative operators satisfying

properties 1-4 on page 31 of Wald. Now, we take ∇̃ to be an ordinary covariant derivative and ∇ be a
covariant derivative with torsion. Letting

ωb = ∇bf

where f is a scalar, we �nd
∇a∇bf = ∇̃a∇bf − Ccab∇cf

∇b∇af = ∇̃b∇af − Ccba∇cf.

By condition t(f) = ta∇af = tb∇̃bf (i.e. ∇ and ∇̃ behaves identically for scalars), we have

∇a∇bf = ∇̃a∇̃bf − Ccab∇cf

∇b∇af = ∇̃b∇̃af − Ccba∇cf.

Since by the de�nition of torsion free, we have [∇̃a, ∇̃b]f = 0, we �nd

[∇a,∇b]f = −2Cc[ab]f.

Hence, we have found the torsion tensor
T cab = Ccab − Ccba

exists and is well de�ned.

b)

Start by contracting XaY b to the de�nition of the torsion tensor:

XaY b∇a∇bf −XaY b∇b∇af = −T cabXaY b∇cf

Passing the �rst derivative of the �rst term through Y b, we �nd

Xa∇a[Y b∇bf ]−Xa(∇aY b)∇bf −XaY b∇b∇af = −T cabXaY b∇cf.

The third term can be rewritten as

−XaY b∇b∇af = −Y b∇b(Xa∇af) + Y b(∇bXa)(∇af)
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yielding

Xa∇a[Y b∇bf ]− Y b∇b[Xa∇af ] + Y b(∇bXa)(∇af)−Xa(∇aY b)∇bf = −T cabXaY b∇cf. (1)

Note that since Y b∇bf is a scalar

Xa∇a[Y b∇bf ] = Xa∂a(Y b∂bf).

Therefore, we can write the �rst two terms of Eq. (1) as

Xa∇a[Y b∇bf ]− Y b∇b[Xa∇af ] = Xa(∂aY b)∂bf − Y b(∂bXa)∂af
= [X,Y ]c∂cf.

Thus, Eq. (1) becomes

Xa(∇aY b)∇bf − Y b(∇bXa)(∇af)− [X,Y ]c∇cf = T cabX
aY b∇cf.

Relabeling the indices and dividing out the arbitary 1-form ∇cf , we �nally arrive at

Xa(∇aY c)− Y b(∇bXc)− [X,Y ]c = T cabX
aY b.

c)

Imposing the condition ∇cgab = 0 gives

∇cgab = ∂cgab − Cdcagdb − Cdcbgad = 0.

Rewriting this in 3 di�erent ways, we have

∇cgab = ∂cgab − Cdcagdb − Cdcbgad = 0

∇agcb = ∂agcb − Cdacgdb − Cdabgcd = 0

∇bgac = ∂bgac − Cdbagdc − Cdbcgad = 0

Taking a judicious combination as

∇cgab +∇agcb −∇bgac = ∂cgab − Cdcagdb − Cdcbgad + ∂agcb − Cdacgdb − Cdabgcd +
−∂bgac + Cdbagdc + Cdbcgad

= 0

Collecting gef terms, we �nd

∂cgab + ∂agcb − ∂bgac − (Cdac + Cdca)gdb + (Cdba − Cdab)gcd + (Cdbc − Cdcb)gad = 0. (2)

Unlike the torsion-free case, we have the antisymmetric combinations of C not vanishing.
Now, note from the de�nition of torsion

(∂a∂bf − Ccab∂cf)− (∂b∂af − Ccba∂cf) = −T cab∂cf

implying
Ccab − Ccba = T cab.

Hence, we can write Eq. (2) as

∂cgab + ∂agcb − ∂bgac − (2Cdac + T dca)gdb + T dbagcd + T dbcgad = 0.

Solving for Cdac, we thus �nd

1
2
gfb[∂cgab + ∂agcb − ∂bgac]−

1
2
T fca +

1
2
T dbagcdg

bf +
1
2
T dbcgadg

bf = Cfac. (3)

We can simplify this even further. Since T cab is a tensor, we can write

Cfac =
1
2
gfb[∂cgab + ∂agcb − ∂bgac] +

1
2

[T fac + T f
c a + T f

a c]

where we have used the antisymmetry of T fac with respect to the lower two indices to switch one of the signs.
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2. On the surface of a 2-sphere, the Euclidean metric is given by

ds2 = dθ2 + sin2 θdφ2

Suppose a vector ~A = êθat (θ = θ0, φ = 0). What is ~A after it is parallel transported around the circle
at θ = θ0? What is its magnitude?

answer

The parallel transport equation along the φ direction (or êφ direction along which θ = θ0) can be written as

∇2A
i = ∂2A

i + Γi2kA
k = 0.

It is easy to compute the Christo�el symbol:

Γi2k =
1
2
giλ(g2λ,k + gkλ,2 − g2k,λ)

=
−1
2

sin(2θ)δk2δi1 + cot θδi2δk1

This leads to the di�erential equation

∂2A
i = −Γi2kA

k

= [
1
2
δk2δi1 sin(2θ)− δi2δk1 cot θ]Ak

or explicitly writing the components, we have

∂2A
1 =

1
2
A2 sin(2θ)

∂2A
2 = −A1 cot θ. (4)

Combining these two equations, we have

∂2
2A

2 = −A2 cos2 θ

which has the general solution
A2 = c1 sin(φ cos θ) + c2 cos(φ cos θ)

where c1 and c2 are coe�cients to be determined by boundary conditions. We are given the boundary
conditions

A2(φ = 0) = 0

which implies
c2 = 0

and
A2 = c1 sin(φ cos θ).

Substituting this back into Eq. (4), we �nd

A1 = −(tan θ)∂2A
2 = −c1 sin θ cos(φ cos θ).

Using the boundary condition that A1(φ = 0) = 1 = −c1 sin θ0, we �nd

c1 =
−1

sin θ0
.

Putting these results together, we can write during the parallel transport

Ak =
(

cos(φ cos θ0)
− sin(φ cos θ0)

sin θ0

)
.
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Setting φ = 2π, we arrive at the desired answer:

Ak =
(

cos(2π cos θ0)
− sin(2π cos θ0)

sin θ0

)
.

The magnitude

AiAjgjk = cos2(2π cos θ0) + sin2 θ0
sin2(2π cos θ0)

sin2 θ0
= 1

remains �xed as expected.

3. (tedious problem) Compute the Riemann tensor component

R0
101

if the metric is given as
ds2 = a2(η)(−dη2 + d~x2).

We will see later that this is the average metric for the universe.

answer

Note that we have

Rabcd = gaeRebcd

= gaeRcdeb

= −gaeRcdbe
= R a

dcb

Hence,R0
101 = R 0

101 and using

R β
γµν = 2

{
∂[µΓβγ]ν + Γαν[γΓβµ]α

}
we arrive at

R 0
101 = 2

{
∂[0Γ0

1]1 + Γα1[1Γ0
0]α

}
.

Since there is no spatial dependence anywhere, we have

R 0
101 = ∂0Γ0

11 + Γα11Γ0
0α − Γα10Γ0

1α

We can compute

Γ0
1α =

1
2
g0λ (gλ1,α + gλα,1 − g1α,λ)

=
1
2
g00 (g01,α + g0α,1 − g1α,0)

= −1
2
g00g1α,0 =

a′

a
δα1

Γα11 =
1
2
gαλ (2gλ1,1 − g11,λ)

= −1
2
gαλg11,λ

=
a′

a
δα0

Γ0
0α =

a′

a
δα0
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Γ1
10 =

1
2
g1λ (gλ1,0 + gλ0,1 − g10,λ)

=
1
2
g11 (g11,0) =

a′

a

R 0
101 = (

a′

a
)′ +

a′

a

a′

a
− a′

a

a′

a

= (
a′

a
)′

where the primes are derivatives with respect to η. You could also do this problem using conformal trans-
formation properties discussed in class.

4. Show that
Rabcd = Rcdab

answer

From
R d

[abc] = 0

proved in lecture, we can write

Rabcd −Rbacd −Rcbad +Rbcad +Rcabd −Racbd = 0.

Using the antisymmetry property
Rabcd = −Rabdc (5)

and
Rabcd = −Rbacd, (6)

we can write
Rabcd +Rbcad −Racbd = 0

Now, judiciously choose indices (cyclic permutations)

Rabcd +Rbcad −Racbd = 0

Rbcda +Rcdba −Rbdca = 0

Rcdab +Rdacb −Rcadb = 0

Rdabc +Rabdc −Rdbac = 0

Adding the �rst two lines and subtracting the last two lines give

Rabcd +Rbcad −Racbd +Rbcda +Rcdba −Rbdca
−Rcdab −Rdacb +Rcadb −Rdabc −Rabdc +Rdbac = 0

which after trivial cancellations (using antisymmetry properties Eqs. (5) and (6)) become

2Rabcd + 2Rcdba = 0.

Hence, we arrive at
Rabcd = Rcdab.

5. Consider another common de�nition of the Riemann tensor R : V ⊗ V ⊗ V → V as

R(X,Y, Z) ≡ ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

where ∇X ≡ Xa∇a and Xa ∈ V . Show that this is consistent with the Riemann tensor de�nition of
lecture 9 if there is no torsion.
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answer

onsider the de�nition
R(X,Y, Z) ≡ ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

where {X,Y,Z} are vector �elds. Then in the notation we have been using in class, we �nd

R(X,Y, Z) = (Xa∇a)(Y b∇b)Zq − (Y c∇c)(Xe∇e)Zq − [X,Y ]c∇cZq

= (Xa∇aY b)(∇bZq) +XaY b∇a∇bZq

−(Y c∇cXe)(∇eZq)− Y cXe∇c∇eZq

−[X,Y ]c∇cZq

= (Xa∇aY b)(∇bZq) +XaY b[∇a,∇b]Zq

−(Y c∇cXe)(∇eZq)− [X,Y ]c∇cZq

= T [X,Y ]c∇cZq +XaY b[∇a,∇b]Zq

= T [X,Y ]c∇cZq −XaY bR q
abeZ

e

= T [X,Y ]c∇cZq +XaY bR q
ab eZ

e

Hence, if torsion vanishes (see problem 1), then we recover the de�nition of lecture 9. R(X,Y, Z) in abstract
index notation is R q

ab e.

6. In Newtonian gravity, two nearby particles with trajectories xi(t) and x̄i(t) in Euclidean coordinates
evolve as

d2ζi

dt2
= −

3∑
j=1

∂2φ

∂xi∂xj
ζj

where φ is the Newtonian gravitational potential. Use geodesic deviation equation to derive this
equation in the weak-�eld, Newtonian limit of GR, where we have seen that

gµν = ηµν + hµν

can be used with |hµν | � 1 and all particle 3-velocity magnitudes can be considered small.

answer

The geodesic deviation equation derived in lecture 10 is

aa = −R a
cbdX

bT cT d.

In a locally inertial frame, T c = (1, 0, 0, 0) and

R β
γµν = 2

{
∂[µΓβγ]ν + Γαν[γΓβµ]α

}
≈ 2∂[µΓβγ]ν

since Γ ∼ O(h), making Γ2 ∼ O(h2) which we neglect. Hence,

−R α
γβδX

βT γT δ ≈ −R α
0β0X

β

= −2∂[βΓα0]0X
β

= −Γα00,βX
β + Γαβ0,0X

β

= −Γα00,iX
i

where i sums over 1-3 as usual. The last equality follows from time independence of the Newtonian limit
taken in lecture 6. We also found in lecture 6 that

Γα00 ≈
−1
2
ηαih00,i.
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Hence, we arrive at

aj ≈ d2Xj

dt2
=

1
2
h00,jiX

i.

As we found in lecture 6, the Newtonian identi�cation is h00 ≈ −2φ where φ is the gravitational potential.
Hence, we have arrived at the Newtonian geodesic deviation result:

d2Xj

dt2
= −

3∑
i=1

∂2φ

∂xj∂xi
Xi
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