
PHYSICS 717 PROBLEM SET 6 SOLUTIONS

due: Monday, March 9, 2009, at the beginning of lecture

Problems

1.: Compute the connection 1-forms of the metric

ds2 = −e2Λ(t,r)dt2 + e2Φ(t,r)dr2 + e2Γ(t,r)(dθ2 + sin2 θdφ2).

answer:

ds2 = −e2Λ(t,r)dt2 + e2Φ(t,r)dr2 + e2Γ(t,r)(dθ2 + sin2 θdφ2).
First de�ne the basis:

(eµ)a(eν)bηµνdxadxb = gabdx
adxb

We can then write
e0 = eΛdt

e1 = eΦdr

e2 = eΓdθ

e3 = eΓ sin θdφ
The torsion free condition equation is then

deσ = eα ∧ w α
σ .

Write out the components:

de0 = (∂rΛ)eΛdr ∧ dt
= e1 ∧ w 1

0 + e2 ∧ w 2
0 + e3 ∧ w 3

0

= eΦdr ∧ w 1
0 + eΓdθ ∧ w 2

0 + eΓ sin θdφ ∧ w 3
0

de1 = (∂tΦ)eΦdt ∧ dr
= e0 ∧ w 0

1 + e2 ∧ w 2
1 + e3 ∧ w 3

1

= eΛdt ∧ w 0
1 + eΓdθ ∧ w 2

1 + eΛ sin θdφ ∧ w 3
1

de2 = (∂tΓ)eΓdt ∧ dθ + (∂rΓ)eΓdr ∧ dθ
= e0 ∧ w 0

2 + e1 ∧ w 1
2 + e3 ∧ w 3

2

= eΛdt ∧ w 0
2 + eΦdr ∧ w 1

2 + eΓ sin θdφ ∧ w 3
2

de3 = (∂tΓ)eΓ sin θdt ∧ dφ+ (∂rΓ)eΓ sin θdr ∧ dφ+ eΓ cos θdθ ∧ dφ
= e0 ∧ w 0

3 + e1 ∧ w 1
3 + e2 ∧ w 2

3

= eΛdt ∧ w 0
3 + eΦdr ∧ w 1

3 + eΓdθ ∧ w 2
3

From the de3 equation, one can guess
w 2

3 = cot θe−Γe3

w 1
3 = (∂rΓ)e−Φe3

w 0
3 = (∂tΓ)e−Λe3

Using the antisymmetry property of wµν and raising and lowering indices using ηµν , we can write for example
w 3

2 = −w 2
3 . Hence, the de2 equation becomes

eΛdt ∧ w 0
2 + eΦdr ∧ w 1

2 = (∂tΓ)eΓdt ∧ dθ + (∂rΓ)eΓdr ∧ dθ
which allows us to guess

w 1
2 = e−Φ(∂rΓ)e2

w 0
2 = e−Λ(∂tΓ)e2

Using our guessed solutions for w 1
3 , w 1

2 , w 0
3 , and w 0

2 , we can also simplify the de1and de0equations as

eΛdt ∧ w 0
1 = (∂tΦ)eΦdt ∧ dr

eΦdr ∧ w 1
0 = (∂rΛ)eΛdr ∧ dt

1
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Hence, we must have

w 0
1 = w 1

0 = Adr +Bdt.

Plugging this in and solving for A and B yields

A = e−Λ(∂tΦ)eΦ

B = e−Φ(∂rΛ)eΛ

hence

w 0
1 = w 1

0 = (∂tΦ)e−Λe1 + (∂rΛ)e−Φe0.

Hence, we have found all the nonvanishing connection one-forms. All other connection one-forms can be obtained
from symmetry property wµν = −wνµ and raising and lowering indices with ηµν .

2.: Show that Bianchi identity ∇[aR
e

bc]d = 0 follows from

dR ν
µ = 0.

Proof:

Start with

R ν
µ = dω ν

µ + ω α
µ ∧ ω ν

α .

Since

dR ν
µ = d2ω ν

µ + dω α
µ ∧ ω ν

α − ω α
µ ∧ dω ν

α

= 0 +
(
R α
µ − ω λ

µ ∧ ω α
λ

)
∧ ω ν

α − ω α
µ ∧

(
R ν
α − ω λ

α ∧ ω ν
λ

)
= R α

µ ∧ ω ν
α − ω λ

µ ∧ ω α
λ ∧ ω ν

α − ω α
µ ∧R ν

α + ω α
µ ∧ ω λ

α ∧ ω ν
λ

= R α
µ ∧ ω ν

α − ω α
µ ∧R ν

α

Putting in basis:

dR ν
µ + ω α

µ ∧R ν
α −R α

µ ∧ ω ν
α = 0

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb + ω α
µ ∧ dxa ∧ dxb(R ν

α )ab −
(
R α
µ

)
ef
dxe ∧ dxf ∧ ω ν

α = 0

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb +

(eµ)g∇d(eα)gdxd ∧ dxa ∧ dxb(eα)e(eν)fRefab
−(eµ)e(eα)fRefabdxa ∧ dxb ∧ dxd(eα)g∇d(eν)g = 0

Note that

∇d[(eα)g(eα)e] = 0
or

(eα)e∇d(eα)g = −(eα)g∇d(eα)e.
Hence, simplifying, we �nd

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb +

(eν)fRefabdxd ∧ dxa ∧ dxb(eµ)g(eα)e∇d(eα)g
−(eµ)eRefabdxa ∧ dxb ∧ dxd(eα)g(eα)f∇d(eν)g =

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb +

−(eν)fRefabdxd ∧ dxa ∧ dxb(eµ)g(eα)g∇d(eα)e

−(eµ)eRefabdxa ∧ dxb ∧ dxdgfg∇d(eν)g =

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb +

−(eν)fRefabdxd ∧ dxa ∧ dxbηµα∇d(eα)e

−(eµ)eRefabdxa ∧ dxb ∧ dxd∇d(eν)f =

∇c((eµ)e(eν)fRefab)dxc ∧ dxa ∧ dxb +

−(eν)fRefabdxd ∧ dxa ∧ dxb∇d(eµ)e

−(eµ)eRefabdxa ∧ dxb ∧ dxd∇d(eν)f =

(eµ)e(eν)f (∇cRabef )dxc ∧ dxa ∧ dxb = 0

Hence, we have arrived at the desired Bianch identity.
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3.: Express G0
2 and G2

2 in terms of Riemann tensor components. E.g. in class we found

G0
0 = −(R12

12 +R13
13 +R23

23).

answer:

As we learned in class, we can read o� from the general expression

Gδβ =
−1
4
Rµνρσ(3!)δ[δ

βδ
ρ
µδ
σ]
ν

the following components:

G0
2 =

−1
4
Rµνρσ(3!)δ[0

2δ
ρ
µδ
σ]
ν

= R0ν
2ν

= R01
21 +R03

23

G2
2 =

−1
4
Rµνρσ(3!)δ[2

2δ
ρ
µδ
σ]
ν

= −(R03
03 +R13

13 +R10
10)

4.: Compute the G0
0 Einstein equation resulting from

ds2 = −dt2 + a2(dχ2 + sin2 χ[dθ2 + sin2 θdφ2]),

using the results of lectures 16 and 17.
answer:

Since

G0
0 = −(R12

12 +R13
13 +R23

23),

(R ν
µ )cd = (eµ)a(eν)bRabcd,

and (eµ)a is diagonal in µa, we need to evaluate

G0
0 = −(

(R 2
1 )12

(e1)1(e2)2
+

(R 3
1 )13

(e1)1(e3)3
+

(R 3
2 )23

(e2)2(e3)3
).

we need an expression for ω 1
3 . We need the result from the exercise in lecture 16:

de3 = ȧ sinχ sin θdt ∧ dφ+ a cosχ sin θdχ ∧ dφ+ a sinχ cos θdθ ∧ dφ
= ȧ sinχ sin θe0 ∧ dφ+ cosχ sin θe1 ∧ dφ+ cos θe2 ∧ dφ
= e0 ∧ ω 0

3 + e1 ∧ ω 1
3 + e2 ∧ ω 2

3

ω 0
3 = ȧ sinχ sin θdφ

ω 1
3 = cosχ sin θdφ

ω 2
3 = cos θdφ

We now simply compute

R 2
1 = dω 2

1 + ω α
1 ∧ ω 2

α

= d(−ω 1
2 ) + ω 0

1 ∧ ω 2
0 + ω 3

1 ∧ ω 2
3

= −d(cosχdθ) + (ȧdχ) ∧ (ȧ sinχdθ) + (− cosχ sin θdφ) ∧ (cos θdφ)
= sinχ(ȧ2 + 1)dχ ∧ dθ

R 3
1 = dω 3

1 + ω α
1 ∧ ω 3

α

= dω 3
1 + ω 0

1 ∧ ω 3
0 + ω 2

1 ∧ ω 3
2

= −d(cosχ sin θdφ) + (ȧdχ) ∧ (ȧ sinχ sin θdφ) + (− cosχdθ) ∧ (− cos θdφ)
= sinχ sin θdχ ∧ dφ− cosχ cos θdθ ∧ dφ+ ȧ2 sinχ sin θdχ ∧ dφ+ cosχ cos θdθ ∧ dφ
= (1 + ȧ2) sinχ sin θdχ ∧ dφ

R 3
2 = dω 3

2 + ω 0
2 ∧ ω 3

0 + ω 1
2 ∧ ω 3

1

= d(− cos θdφ) + (ȧ sinχdθ) ∧ (ȧ sinχ sin θdφ) + (cosχdθ) ∧ (− cosχ sin θdφ)
= [sin θ + ȧ2 sin2 χ sin θ − cos2 χ sin θ]dθ ∧ dφ
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where we also used other connection 1-forms derived in lecture 16.

G0
0 = −(

sinχ(ȧ2 + 1)
a2 sinχ

+
(1 + ȧ2) sinχ sin θ
aa sinχ sin θ

+
sin θ + ȧ2 sin2 χ sin θ − cos2 χ sin θ

a sinχa sinχ sin θ
)

= −(
(ȧ2 + 1)
a2

+
(1 + ȧ2)
a2

+
1 + ȧ2

a2
)

= −3

[(
ȧ

a

)2

+
1
a2

]
= 8πT 0

0

Alternatively, one can express both sides of Einstein equations in the tetrad basis.

5.: Consider a 2-sphere of unit radius with the natural metric

ds2 = dθ2 + sin2 θdφ2.

Find 3 linearly independent Killing vectors.
answer:

ξα;β + ξβ;α = 0
ξα,β + ξβ,α − 2Γµαβξµ = 0

Γ1
αβ =

1
2
g1λ(gλα,β + gλβ,α − gαβ,λ)

= −δα2δβ2 sin θ cos θ

Γ2
αβ =

1
2
g2λ(gλα,β + gλβ,α − gαβ,λ)

= (δα2δβ1 + δβ2δα1) cot θ

Hence, the Killing equations are

ξ1,2 + ξ2,1 − 2Γ2
12ξ2 = ξ1,2 + ξ2,1 − 2 cot θξ2 = 0

(0.1) ξ1,1 = 0

(0.2) ξ2,2 + sin θ cos θξ1 = 0

Eq. (0.1) gives
ξ1 = ξ1(φ)

while Eq. (0.2) gives

ξ2,2(θ, φ) = −ξ1(φ)
1
2

sin 2θ.

Hence,

(0.3) ξ2(θ, φ) = −1
2

sin 2θ
∫ φ

ξ1(φ′)dφ′ + g(θ)

Inserting this into the remaining equation gives

ξ1,2 + ξ2,1 − 2 cot θξ2 = 0

(0.4) ξ′1(φ) +
∫ φ

ξ1(φ′)dφ′ + g′(θ)− 2 cot θg(θ) = 0

Di�erentiating this again with respect to φ gives

ξ′′1 (φ) + ξ1(φ) = 0.

Solving for ξ1(φ) gives
ξ1(φ) = a cosφ+ b sinφ.

Eq. (0.4) also gives
g′(θ)− 2 cot θg(θ) = 0

which has a simple solution
g(θ) = c sin2 θ.

Hence, we have the remaining solution given by Eq. (0.3) as

ξ2(θ, φ) = −1
2

sin 2θ[a sinφ− b cosφ] + c sin2 θ.



PHYSICS 717 PROBLEM SET 6 SOLUTIONS 5

Since we have 3 adjustable constans, we have 3 independent Killing vectors. Explicitly, with a = b = 0, we have

ξµ = (0, c) = c(∂φ)µ.

With c = 0 = b, we have
ξµ = a(cosφ,− cot θ sinφ).

Finally, with c = 0 = a, we have
ξµ = b(sinφ, cot θ cosφ).

These are all proportional to generators of the angular momentum.

6.: Show that any Killing vector ξν is a solution of the equation

∇µ∇µξν +Rνσξ
σ = 0.

Compare and contrast with the equation for the vector potential of electrodynamics.
answer:

Start with the de�nition
∇(µξν) = 0.

This gives

∇µ(∇µξν +∇νξµ) = ∇µ∇µξν +∇µ∇νξµ
= ∇µ∇µξν + gµλ[∇λ,∇ν ]ξµ + gµλ∇ν∇λξµ
= ∇µ∇µξν + gµλR β

λνµ ξβ + gµλ∇ν∇λξµ
= ∇µ∇µξν +R β

ν ξβ +∇ν∇µξµ
= 0

Since
gµν∇(µξν) = 0 = ∇µξµ

we have found
∇µ∇µξν +Rν βξ

β = 0.
This equation is very similar to the vacuum equation of electrodynamics in Lorentz gauge when we identify ξν → Aν ,
except in that case, the equation Ricci tensor has the opposite sign:

∇µ∇µAν −Rν βAβ = 0.


