PHYSICS 717 PROBLEM SET 6 SOLUTIONS

due: Monday, March 9, 2009, at the beginning of lecture
Problems
1.: Compute the connection 1-forms of the metric
ds? = — M) g2 | 28(8r) g2 4 2T (1) (d6? + sin? 0de?).
answer:
ds? = —e2MEm) g2 | o2®(t) g2 | (2 (br) (d6? + sin? 0d¢?).
First define the basis:
(eu)a(ey)bn“”dx“dmb = gapda®da®

We can then write

eo = eldt
e, = e®dr
eq = e db

es = €' sinOd¢
The torsion free condition equation is then
des = eq Nw, .
Write out the components:
deg = (O-AN)erdr A dt
el /\wo1 +62Aw02 +e3 /\wo3
= ePdr Awyt +eVdf A wy? + el sinBdg A wy?

dey = (0:®)e®dt Adr
= eo/\w10+eg/\w12+63/\w13
= rdt Aw,® +eldh A w,? + e sinfdg A w,?
des = (O )e"dt Adb+ (0,T)eldr A db
= eo/\w20+el/\w21+63/\w23
= Mt Awy® + e®dr Awy + €l sin 0dg A wy?
des = (O)e" sinfdt A dg + (0,T)e" sindr A dgp + e cos 0dO A do

eo/\w30+61/\w31+62/\w32

eMdt A w30 +e2dr A w31 +eldo A w32

From the des equation, one can guess

ws? = cot fe Teg

wy' = (0,T)e %e3

w3" = (9 T)e Aeg
Using the antisymmetry property of w,, and raising and lowering indices using 7,,, we can write for example
wy® = —w4%. Hence, the des equation becomes

et A wy,’ + ePdr Awyt = (0,1)eldt A df + (0,T)e"dr A db
which allows us to guess
wy' = e *(0,T)ey
w," = e M9 )ey
Using our guessed solutions for ws!, wy!, w3°, and w,°, we can also simplify the dejand degequations as
erdt Aw,® = (9,®)e®dt A dr

e®dr Awyt = (9,.M)eldr A dt
1
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Hence, we must have
w," = w,* = Adr + Bdt.
Plugging this in and solving for A and B yields

hence
w,® = wy! = (8,®)e ey 4 (9.A)e ey,
Hence, we have found all the nonvanishing connection one-forms. All other connection one-forms can be obtained

from symmetry property w,, = —w,,, and raising and lowering indices with 7,,,.
2.: Show that Bianchi identity V[aRbC]ed = 0 follows from
v _
dRr,"” =0.
Proof:
Start with
R, =dw,” +w,* "Nw,”
Since
v _ 2 v [e% v « v
drR,” = dw,”+dw,” Nw,” —w,” Ndw,

= 0+ (R“a - w“)‘ Awy®) Awy” — w, A (R, — w N A wy”)
= R ANw, — w#)‘ AN * ANw,” —w,* AR +w, A W A wy”
= RMANw)” —w, AR
Putting in basis:
dR," +w,“NR,” = R, ANw,” =0
Ve((en)(€”) Regap)da® A dz® A da® + w,* Adx® A dzP (R, )ap — (Rua)ef dz¢ Ndzd Aw)” =0

Ve((en)(€”) Regap)da® A dz® A da® +
(e,)?V a(e™)gda A dz® A da®(eq)®(e”) Resab
—(e,)(e*)! Repapdz® Ada® A dz(eq)?Va(e”)y = 0
Note that
Val(e®)g(ea)] =0
or
(ea)*Va(e®)g = —(€%)gValea)".
Hence, simplifying, we find
Ve((en)(€) Regap)da® A dx® A da® +
(€") Repapdz® A dz® A dx(e,)?(eq)Vale®),
—(e,)°Reapdz® Ada® A dz?(eq)?(e®) Va(e), =
Vc((e#)e(e”)fRefab)dzC Adz® A dx® +
—(") Repapdz® A dz® A da®(e,)?(eq)yVal(e®)®
—(en)Regapdx® A dab A dxdgfgvd(e”)g =
Ve((en)(€) Regap)da® A dx® A da® +
—(e”)fRefabdmd Adz® A dxbnwvd(ea)e
—(ep)*Repapdz® A dz® A da:dvd(e”)f =
Ve((en)(€”) Repap)da® A dz® A da® +
—(€") Repapda® A da® A dz®V (e, )®
—(en)Repapda® N dz® A dziVg(e’)) =
(e,)°(e") (VeRapes)dz Adz® Ada® = 0

Hence, we have arrived at the desired Bianch identity.
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3.: Express GY and G2, in terms of Riemann tensor components. E.g. in class we found
G% = —(R', + R'Y3 + R*;).
answer:

As we learned in class, we can read off from the general expression
-1
5 v [6 o
Gy = R, (308507, ]
the following components:
-1 v 0 o
G = TR“M(SI)(S[Qé”“é )

_ Ov
= R 2v

= R%; +R%;

-1 v 2 o
@2, = TR“W(Z&!)(S[Q(SPH(S )
= —(R%+ R+ RY))
4.: Compute the G° Einstein equation resulting from
ds® = —dt® + a*(dx? + sin? x[d#? + sin® 0d¢?)),
using the results of lectures 16 and 17.
answer:
Since
G’y = —(R', + R + R%;),
(R, )ed = (e#)a(e”)bR“iw
and (e, ), is diagonal in pa, we need to evaluate
(R12>12 + (R13)13 + (R23)23 )
(en)1(e?)z  (e1)i(e?)s  (e2)2(e®)s”

we need an expression for w;'. We need the result from the exercise in lecture 16:

Goo = —(

des = asinysinfdt A de + acosysinfdx A d¢ + asin x cos 0db A do
= asinxsinfey A d¢ + cos x sinfe; A dp + cosbes A do
= eo/\w30 + e /\u)31 +62Aw32
Wy O = gsin y sin 0d¢
wy ' = cos y sin fd¢
wy? = cos 0de
We now simply compute
R? = dw?+uw *Aw,?
d(—wy V) +w; " Awy 24w P Awg 2
—d(cos xdf) + (adx) A (asin xdf) + (— cos x sin 0dep) A (cos 0dep)
sin y(a® + 1)dx A df

R® = dw? 4w *ANw}?
= dw? +w P Awp? w2 Awy®
= —d(cosxsinfdg) + (adx) A (asin x sin8dp) + (— cos xdf) A (— cos 0de)
= sinysinfdy A d¢ — cos x cos8d0 A do + a2 sin x sin Odx A dp + cos x cos 0db A do
= (14 4a?) sinysinfdy A de

Ry = dwy®+wy? Awp® +wyt Aw,®

= d(—cosfd¢) + (asin xdd) A (asin x sin@dep) + (cos xd#) A (— cos x sin Od¢)
= [sinf + a®sin? x sin @ — cos? x sin A]df A do
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where we also used other connection 1-forms derived in lecture 16.
sin x(a? +1) N (1+ @?)sin y sin 0 N sin @ + a2 sin? x sin 6 — cos? Xsin9)

a? sin x aa sin y sin 6 asin ya sin y sin 6
:2 -2 -2
a*+1 14+a 14+a
G VN (RS
a a a

= 8T,

i K) L L
a a
Alternatively, one can express both sides of Einstein equations in the tetrad basis.
5.: Consider a 2-sphere of unit radius with the natural metric
ds? = db? + sin? 0d¢>.
Find 3 linearly independent Killing vectors.

answer:
§a;8 + &30 =0
a8+ E€pa — 20058 =0
1
Il; = 591)\(9)\a,ﬁ + 9r8.0 = Gap,n)
= —0qa2032sin6cosf
F2 _ 1 2\
a8 = 397 (Dapt9rsa ~ gap)

= ((5a2551 + 5,825041) cot @
Hence, the Killing equations are
C12+ & — Ml =&+ &1 — 200t 08 =0

(0.1) &1=0

(0.2) €2 +sinfcosfE =0
Eq. (0.1) gives
& =%&1(¢9)
while Eq. (0.2) gives
£22(6,0) = ~61(9) sin20.

Hence,

¢
(03) a(6.6) = —5 520 [ €0(¢)do' + g(0)

Inserting this into the remaining equation gives
5172 + 5271 — 2C0t 052 = 0

¢
(0.4) (6)+ | (&)dd +(6) 200t 89(6) =0
Differentiating this again with respect to ¢ gives
1(#) +&(d) =0.

Solving for & (¢) gives
£1(¢) = acos ¢ + bsin ¢.

Eq. (0.4) also gives
g'(0) —2cot0g(6) =0

which has a simple solution
g(#) = csin? 6.

Hence, we have the remaining solution given by Eq. (0.3) as

1
£(0,9) = — sin20[asin ¢ — beos ¢] + csin? 6.
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Since we have 3 adjustable constans, we have 3 independent Killing vectors. Explicitly, with a = b = 0, we have
" =(0,¢) = c(9y)"
With ¢ = 0 = b, we have
&M = a(cos ¢, — cot O sin ¢).
Finally, with ¢ = 0 = a, we have
&M = b(sin ¢, cot 6 cos @).
These are all proportional to generators of the angular momentum.
6.: Show that any Killing vector £” is a solution of the equation
VIV, + RY,67 =0.
Compare and contrast with the equation for the vector potential of electrodynamics.
answer:
Start with the definition

Vuéw) = 0.
This gives
VAV + V) = VEVLE +VEVLE,
VIV + 9" VA V€L + 9" VL VAL,
= V'Vu& + "R, ¢+ 9"V, VAL
= VIV.E + R, 78+ V,VHE,
0
Since

9"V by =0=V"E,
we have found

VAV + RV ¢ = 0.
This equation is very similar to the vacuum equation of electrodynamics in Lorentz gauge when we identify £V — A¥
except in that case, the equation Ricci tensor has the opposite sign:

VAV, AY — RV 5 AP = 0.



