
PHYSICS 717 PROBLEM SET 12

due: Friday, May 1, 2009, at the beginning of lecture

Problems

1.: Compute the stress tensor for the weak �eld gravity waves in vacuum starting from the action derived in
class:

S =
M2
p

32π

∫
d4x

{
1
2
∂λh

µν∂λhµν −
1
2
∂λh∂

λh− ∂λhλν∂µhµν + ∂νh∂µhµν

}
in radiation gauge. (hint: Allow ηµν , the metric of the background on which hµν is propagating, to vary
away from the �at metric and compute

Tµν =
2
√
g

δS

δgµν

and evaluate the functional with hµν set to vacuum radiation gauge solution.)
answer:

Compute the variation:

Tµν = 2
δS

δgµν

=
M2
p

16π

[
ηαβ∂λhµβ∂

λhνα +
1
2
∂µh

αβ∂νhαβ

−1
2
∂µh∂νh− ∂λhµν∂λh

−∂µhνβηβλ∂γhγλ − ∂λhλµ∂γhγν − ∂λhλγ∂µhνγ
+∂λh∂µhνλ + ∂µh∂

λhλν + ∂λhµν∂
αhαλ

]
− ηµνL

=
M2
p

32π
∂µh

αβ∂νhαβ

which is what we aimed for.

2.: Using Noether's procedure with the SO(3, 1) Lie group parameterization matrix ω (in the notation of lecture
36) given by

ωµα = ε(δ µiδ
α
j − δ αiδ

µ
j),

�nd the angular momentum density (angular momentum per unit spatial volume) for gravity waves in
radiation gauge expressed in terms of hµν . Use the answer to problem 1 to identify the orbital angular
momentum part and the spin angular momentum part.

answer:

Under rotations

δhαγ =
−i
2
ωµν

[
(Jµν)αβh

βγ + (Jµν)γβh
αβ
]

=
−i
2
ωµν

[[
−i
(
δαµgνβ − δανgµβ

)]
hβγ +

[
−i
(
δγµgνβ − δγνgµβ

)]
hαβ

]
=
−1
2
[
ωανh γ

ν − ωµαh γ
µ + ωγνhαν − ωµγhαµ

]
=
−1
2
[
−2ωµαh γ

µ − 2ωµγhαµ
]

= ωµαh γ
µ + ωµγhαµ

where
ωµα = δ µiδ

α
j − δ αiδ

µ
j

Hence, using the Noether charge formula

εJµ =
∂L

∂(∂µψα)
[∂νψαδxν − δψα]− Lδxµ

1
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and

δxν =
−i
2
ωαβ(Jαβ)νµx

µ

=
−i
2
ωαβ

[
−i
(
δναgβµ − δνβgαµ

)]
xµ

=
−1
2
(
ωνβxβ − ωβνxβ

)
= ωβνxβ

the angular momentum density is

εJν(ij) =
∂L

∂∂νhαγ
[
∂λh

αγδxλ − δhαγ
]
− Lδxν

=
∂L

∂∂νhαγ
[
∂λh

αγωβλxβ −
(
ωµαh γ

µ + ωµγhαµ
)]
− Lωβνxβ .

where (ij) speci�es ωµβ to choose the rotation generators: i.e. ω0µ = 0 . Evaluating the density, we evaluate 0th

component using L = M2
p

64π∂λh
µν∂λhµν :

εJ0
(ij) =

∂L
∂∂0hαγ

[
∂λh

αγωβλxβ −
(
ωµαh γ

µ + ωµγhαµ
)]
− Lωβ0xβ

=
M2
p

32π
∂0hαγ∂λh

αγωβλxβ −
M2
p

32π
∂0hαγ

(
ωµαh γ

µ + ωµγhαµ
)

where we used ωβ0 = 0. Simplifying, we �nd

J0
(ij) =

M2
p

32π
[
xi∂

0hαγ∂jh
αγ − ∂0hαγ∂ih

αγxj
]

−
M2
p

32π
∂0hαγ

((
δ µiδ

α
j − δ αiδ

µ
j

)
h γ
µ +

(
δ µiδ

γ
j − δ

γ
iδ
µ
j

)
hαµ
)

= xiT 0j − xjT 0i −
M2
p

32π
∂0hαγ

(
δαjh

γ
i − δ

α
ih

γ
j + hαiδ

γ
j − δ

γ
ih
α
j

)
= xiT 0j − xjT 0i −

M2
p

32π
(
h γ
i ∂

0hjγ − h γ
j ∂

0hiγ + hαi∂
0hαj − hαj∂0hαi

)
= xiT 0j − xjT 0i −

M2
p

16π
(
h γ
i ∂

0hjγ − h γ
j ∂

0hiγ
)

where we used the solution to problem 1. This is what we expect for the angular momentum density where the term
in the parantheses is the spin component.

3.: For the following plane wave solution in radiation gauge

hµν = A


0 0 0 0
0 cos(kz(t− z)) sin(kz(t− z)) 0
0 sin(kz(t− z)) − cos(kz(t− z)) 0
0 0 0 0


compute J0

(12) and T 0z. Interpret the result, given that from a quantum perspective T 0z/(~kz) counts the

number of gravitons per unit volume.
answer:

We �nd from

T 0j = −
M2
p

32π
∂0h

αβ∂jhαβ

=
A2k2

zM
2
p

16π
that the orbital angular momentum part is zero.

J0
(12) = −

M2
p

16π
(
h γ

1 ∂
0h2γ − h γ

2 ∂
0h1γ

)
=

A2kzM
2
p

8π
.
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Hence,
J0

(12)

T 0j/(~kz)
= 2~

which says that the gravitons in this con�guration carry an average spin of 2~.
4.: Explicitly check that

[Σαβ ,Σγδ] = ηγβΣαδ − ηγαΣβδ + ηδβΣγα − ηδαΣγβ

where

Σαβ =
1
4
[
γα, γβ

]
with the metric signature (1,−1,−1,−1) and γα are those given in class.

answer:

In class, we had

γµ ≡
(

0 σµ

σ̄µ 0

)
Hence,

{γµ, γν} =
(

0 σµ

σ̄µ 0

)(
0 σν

σ̄ν 0

)
+
(

0 σν

σ̄ν 0

)(
0 σµ

σ̄µ 0

)
=

(
{σν , σ̄µ} 0

0 {σν , σ̄µ}

)
= 2ηµν

Hence, we �nd

[Σαβ , γρ] =
1
4

[
[
γα, γβ

]
, γρ]

=
1
4

[γαγβ − γβγα, γρ]

=
1
4

[γαγβ + γβγα − γβγα − γβγα, γρ]

=
1
4

[{γα, γβ} − 2γβγα, γρ]

=
1
2

[ηαβ − γβγα, γρ]

= −1
2

(γβγαγρ − γργβγα)

= −1
2

(γβγαγρ − {γρ, γβ}γα + γβγργα)

= −1
2

(γβ2ηαρ − 2ηρβγα)

= ηρβγα − γβηαρ.

Finally, we can then easily compute

[Σαβ ,Σγδ] =
1
4

[Σαβ ,
[
γγ , γδ

]
]

=
1
4

[Σαβ , γγγδ]− 1
4

[Σαβ , γδγγ ]

=
1
4

[Σαβ , γγ ]γδ +
1
4
γγ [Σαβ , γδ]− 1

4
[Σαβ , γδ]γγ − 1

4
γδ[Σαβ , γγ ]

=
1
4

(ηγβγα − γβηαγ)γδ +
1
4
γγ(ηδβγα − γβηαδ)− 1

4
(ηδβγα − γβηαδ)γγ − 1

4
γδ(ηγβγα − γβηαγ)

= ηγβΣαδ − ηγαΣβδ + ηδβΣγα − ηδαΣγβ

completing the proof.

5.: Suppose the action governing an electron �eld is

S =
∫
d4x
√
gψ̄ [iγνDν −m]ψ
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where Dν is the covariant derivative de�ned in class. Compute the stress energy tensor for the electron �eld
by varying the tetrad. (Work with the metric signature (1,-1,-1,-1).)

answer:

As shown in lecture 40, we have

Tcf = (eγ)f

{
iψ̄γγDcψ + iψ̄γµ(eµ)a

1
2

Σγε∇c(eε)aψ

−i∇b
[
ψ̄γµ(eµ)c

1
2

Σδγ(eδ)bψ
]}
− gfc

[
ψ̄ [iγνDν −m]ψ

]
where

Dc ≡ ∂c +
1
2

Σαβ(eα)b∇b(eβ)c

and

Σαβ =
1
4

[γα, γβ ].


