
Physi
s 717 Problem set 7 solutionsdue: Mar
h 23, 20091)The geodesi
 equation for θ is given by
d2θ

dλ2
+ Γ2

αβ

dxα

dλ

dxβ

dλ
= 0.

Γ2
αβ =

1

2
g2λ(gαλ,β + gβλ,α − gαβ,λ)In the S
hwarzs
hild ba
kground

ds2 = −(1 − 2M

r
)dt2 +

dr2

(1 − 2M
r )

+ r2dΩ2.Hen
e
Γ2

αβ =
1

r
(δα2δβ1 + δα1δβ2 − δα3δβ3r sin θ cos θ)With θ = π/2,
Γ2

αβ =
1

r
(δα2δβ1 + δα1δβ2)However, sin
e
dθ

dλ
= 0with θ = π/2, we have

Γ2
αβ

dxα

dλ

dxβ

dλ
= 0and hen
e θ = π/2 satis�es the geodesi
 equation.2)Start from

φ = φ0 +
2M

b
+ arcsin(by) − 2M

√

1

b2
− y2.Solving for the argument of the arcsin fun
tion, we have

by = sin(φ − φ0 −
2M

b
+ 2M

√

1

b2
− y2)Let δ ≡ M

b (whi
h is a small quantity for physi
al 
ases of interest dis
ussed in le
ture) and z ≡ by, we have
z = sin(φ − φ0 − 2δ + 2

√

δ2 − δ2z2).Expanding to linear order in δ, we �nd
z = sin(φ − φ0) − cos(φ − φ0)2δ(1 −

√

1 − z2) + O(δ2).Solving for z, we �nd
z = sin(φ − φ0) − 2δ cos(φ − φ0) ± 2δ cos2(φ − φ0)Sin
e z → 0 as sin(φ − φ0) → 0, we 
an 
hoose the positive sign:
z = sin(φ − φ0) − 2δ cos(φ − φ0)[1 − cos(φ − φ0)].1



Sin
e
y ≡ u(1 − Mu)

by = bu(1 − M

b
bu)

z = ũ(1 − δũ)where ũ ≡ bu,
−δũ2 + ũ − z = 0Using quadrati
 formula this 
an be solved for

ũ =
−1 +

√
1 − 4δz

−2δ
.Expanding about δ = 0, we have

ũ = z + δz2 + O(δ2)Substituting in for z, we have
ũ = sin(φ − φ0) − 2δ cos(φ − φ0)(1 − cos(φ − φ0)) + δ sin2(φ − φ0) + O(δ2)

= sin(φ − φ0) + δ(1 − cos(φ − φ0))
2 + O(δ2)Hen
e, we have the desired result:

bu = sin(φ − φ0) +
M

b
[1 − cos(φ − φ0)]

2 + O([
M

b
]2).3)sin
e we know from le
ture 21 that δφ ≈ 1.75 ar
se
 for b ≈ 6.95 × 105 km and sin
e

δφ ∝ b−1,we 
an s
ale this answer to obtain
b ≈ 107 km.4)From the Killing ve
tor equation

gαβ,µξµ + gαβξδ
,α + gαδξ

δ
,β = 0,we see that ξµ = (1, 1, 0, 0) is a timelike Killing ve
tor if

r − t > 4M/3.Hen
e, we 
an 
he
k hypersurfa
e orthogonality by using Frobenius's theorem: i.e. see if
ξ[γξα,β] = 0.Sin
e

ξα = (1,
4

9
(

9M

2(r − t)
)2/3, 0, 0)has only (0, 1) nonvanishing 
omponents depending on only (0, 1) 
oordinates, we see that the hypersurfa
eorthogonality 
ondition is automati
ally satis�ed. Hen
e, this metri
 is stati
 if r − t > 4M/3.5)a) 2



Note that in spheri
al 
oordinates, we have
Fab =









0 Er Eθ Eφ

−Er 0 Bφ −Bθ

−Eθ −Bφ 0 Br

−Eφ Bθ −Br 0









.Hen
e, spheri
al symmetry means that Eθ = Eφ = Bθ = Bφ = 0. Sin
e the form of the metri
 must be
ompatible with the stati
 spheri
al symmetry 
ondition, we 
an 
hoose the basis (similar to le
ture anddis
ussed in Wald)
(e0)a =

√

f(dt)a

(e1)a =
√

h(dr)a

(e2)a = r(dθ)a

(e3)a = r sin θ(dφ)a.We 
an therefore write the most general stati
 spheri
ally symmetri
 two-form Fab in this basis as
Fab = 2A(r)(e0)[a(e1)b] + 2B(r)(e2)[a(e3)b].b)If we assume B(r) = 0, from part a), we 
an write

F = A(r)e0 ∧ e1.Hen
e, the dual is given by
∗F = A(r)ǫ01cde

c ∧ ed = −A(r)e2 ∧ e3

= −A(r)r2 sin θdθ ∧ dφThe sour
e-free Maxwell equations is then
d∗F = 0 = −[A′(r)r2 + 2rA(r)] sin θdθ ∧ dφ = 0.This implies

A′(r)

A(r)
=

−2

rwhi
h 
an be easily integrated to give
A(r) =

−q

r2
)The stress energy tensor is given by
Tab =

1

4π
{FacF

c
b − 1

4
gabFdeF

de}

=
1

π
{A2(r)(e0)[a(e1)c](e0)[b(e1)e]g

ec − 1

4
gabA

2(r)(e0)[d(e1)e](e0)[f (e1)g]g
fdgge}where we are using Wald's 
onvention for 
harge normalization. The 
omponents are

T00 =
1

π
{A2(r)(e0)[0(e1)c](e0)[0(e1)e]g

ec − 1

4
g00A

2(r)(e0)[d(e1)e](e0)[f (e1)g]g
fdgge}

=
1

π
{1

4
A2(r)(e0)0(e1)c(e0)0(e1)eg

ec − 1

4
g00A

2(r)(e0)[d(e1)e](e0)[f (e1)g]g
fdgge}

=
1

π
{1

4
A2(r)(e0)0(e0)0η11 −

1

4
g00A

2(r)
1

2
[η00η11]}

=
1

π
{1

4
A2(r)f − 1

8
fA2(r)}

=
A2(r)

8π
f =

q2

8πr4
f. 3



T11 =
1

π
{A2(r)(e0)[1(e1)c](e0)[1(e1)e]g

ec − 1

4
g11A

2(r)(e0)[d(e1)e](e0)
[d(e1)

e]}

=
1

π
{1

4
A2(r)[(e0)c(e1)1(e0)e(e1)1g

ec] − 1

4
g11

1

2
A2(r)η00η11}

=
1

π
{1

4
A2(r)[−(e1)1(e1)1] +

1

8
g11A

2(r)}

=
1

π
{−1

4
A2(r)h +

1

8
hA2(r)}

=
−1

8π
A2(r)h =

−q2

8πr4
h

T22 =
1

π
{A2(r)(e0)[2(e1)c](e0)[2(e1)e]g

ec − 1

8
g22A

2(r)}

=
−1

8π
r2A2(r) =

−q2

8πr2From page 125 of Wald (there is an error in Wald's book whi
h you 
an 
orre
t by 
omparing with le
turenotes), one 
an write the 00 Einstein's equation as
(rh2)−1h′ + r−2(1 − h−1) =

q2

r4This 
an be written as
1

r2

d

dr
[r(1 − h−1)] =

q2

r4Then, just as in the S
hwarzs
hild 
ase, we have
h =

1

1 − 2m(r)
rwith

m(r) =
4πq2

8π

∫

dr′r′2
1

r′4
+ a

= −q2

2

1

r
+ aSin
e, we know this must redu
e to M in the limit q → 0 (S
hwarzs
hild), we have

m(r) = M − q2

2rThis means that
h =

1

1 − 2M
r − q2

r2The 11 Einstein gives
f ′

rfh
− (1 − 1

h)

r2
=

−q2

r4
,whi
h yields

∫

df

f
=

∫

2M − 2q2

r

q2 + r(r − 2M)
dr.The integral 
an be evaluated as

f = 1 − 2M

r
+

q2

r2
.Hen
e, we have found the 
harged bla
k hole solution to be

ds2 = −(1 − 2M

r
+

q2

r2
)dt2 +

dr2

1 − 2M
r − q2

r2

+ r2dΩ2.4



6)From the de�nition of frequen
y of ele
tromagneti
 waves, we have
w = −dS

dτ
= −Uµkµwhere S is the phase of the ele
tromagneti
 wave, kµ is the null geodesi
, and Uµ is the 4-velo
ity of theobserver de�ning dτ . The 4-velo
ity of the radially infalling observer is

Uµ
i = (

dti
dτ

,
dri

dτ
, 0, 0)and the null ve
tor of the photon geodesi
 is

kµ = (
dtγ
dλ

,
drγ

dλ
, 0, 0).The expli
it expressions for the 
omponents were worked out in le
ture:

k0 = −Eγ = 
onstant
drγ

dλ
= Eγ

dti
dτ

=
Ei

−g00

dri

dτ
= −

√

E2
i − (1 − 2M

ri
).Hen
e, we �nd

Uµ
i kµ =

−EiEγ

1 − 2M
ri

−

√

E2
i − (1 − 2M

ri

)Eγ

1 − 2M
ri

= − EiEγ

1 − 2M
ri

[

1 +

√

1 − 1

E2
i

(1 − 2M

ri
)

]

.The observer at r = ∞ sees
w∞ = E∞Eγ

[

1 +

√

1 − 1

E2
∞

]The observer at r ∼ 2M sees frequen
y
wparti
le ∼

2Eparti
leEγ

1 − 2M
ras long as

w∞

wparti
le ∼ E∞

2Epari
le (

1 − 2M

r

)

[

1 +

√

1 − 1

E2
∞

]

. (1)Now, the traje
tory of a radially infalling parti
le obtained by taking the ration of dr/dτ and dt/dτ :
dr

dt
= −[1 − 2M

r
]

√

1 − 1

E2
(1 − 2M

r
)As r → 2M , we have

dr

dt
≈ −[

r

2M
− 1]5



Integrating, we have
2M ln(

rE

2M
− 1) ∼ −tEwhere we have emphasized that this time is the emission time by putting an E subs
ript. The signal rea
hes

r by integrating along the photon geodesi
:
drγ

dtγ
=

drγ

dλ
/
dtγ
dλ

= Eγ/(−Eγg00)

= 1 − 2M

rγgiving
rγ + 2M ln(rγ − 2M) = tγ + Cor

t∞ − tE = r∞ − rE + 2M ln

[ r∞
2M − 1
rE

2M − 1

]yielding
2M ln(

rE

2M
− 1) ∼ −t∞ + r∞ − rE + 2M ln

[ r∞
2M − 1
rE

2M − 1

]

4M ln(
rE

2M
− 1) ∼ −t∞ + r∞ − 2M − δ + 2M ln

[ r∞
2M

− 1
]

.Note that as rE → 2M , −t∞ dominates over r∞ in a divergent manner. Hen
e
rE ∼ 2M

{

1 + exp

(

− t∞
4M

)}Putting this into Eq. (1), we �nd
w∞

wparti
le ∼ E∞

2Epari
le exp

(

− t∞
4M

)

[

1 +

√

1 − 1

E2
∞

]or
k = 4M.
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