
PHYSICS 717 PROBLEM SET 8due: Monday, Mar
h 30, 2009, at the beginning of le
tureProblems1.: Problem 4 on page 158 of Wald.answer:a):Let ξα be a timelike Killing ve
tor. Sin
e ξa is timelike, we 
an 
hoose the time 
oordinate to be generated by ξa.In that 
ase, a stationary observer has a 4-velo
ity proportional to ξa:
ua = Nξawhere N is a normalization 
onstant. By the de�nition of timelikeness, we have

uaua = N2ξaξa = −1,yielding
N =

√

−1/(ξaξa) ≡ 1

V. Now, the a

eleration of a stationary observer is given as
ab = ua∇au

bwhi
h yields
ab =

ξa

V
∇a[

ξb

V
] =

ξa

V

∇aξ
b

V
− ξbξa

V

∇aV

V 2

=
ξa

V

∇aξ
b

V
+
ξbξa

V 2

ξc∇aξc
V 2Sin
e ξ(a;b) = 0, the last term vanishes:

ξbξa

V 2

ξc∇aξc
V 2

= 2
ξbξa

V 2

ξc∇(aξc)

V 2
= 0.Sin
e

∇aξb = −∇bξa,the remaining term gives
ab = −ξa

V

∇bξa

V

=
1

2

∇b(−ξaξa)

V 2

=
1

2
∇b lnV 2 = ∇b lnV.b):Consider the lo
al 
hange in energy

∆E = qµ∇µEwhere qµ is a spa
elike separation representing the displa
ement of the rope. Sin
e
E = −mξaua = −mξaξa

1

V
= mV,we have

∆E = mqµ∇µV.Finally, sin
e part a) gave us
∇µV = V aµ,1



englishPHYSICS 717 PROBLEM SET 8 2we �nd
∆E = mV qµaµ

≡ V qµFµ.Hen
e, imposing energy 
onservation
∆E(∞) − ∆E = 0,we �nd

qµ(∞)Fµ(∞)V (∞) = qµFµV.Note that V (∞) = 1 sin
e we have asymptoti
 �atness.Now, we need to 
hoose qµ. We 
hoose it to be in the dire
tion of the for
e whi
h is spa
elike, and we 
hoose it'slength to be independent of whether it is at ∞ or not. Hen
e, we �nd
qµ =

Fµ

√

FµFµ

.Hen
e, we arrive at
F (∞) = FVas desired.2.: Simple 
oordinate exer
ises:a): Show that S
hwarzs
hild 
urvature singularity at r = 0 is a spa
elike hypersurfa
e.answer:As proven as a 
lass exer
ise during le
ture, in the 
onformal 
oordinates de�ning the Penrose diagram, r = 0 mapsto ψ = π/2. Sin
e any given point A on ψ = π/2 surfa
e has a past null 
ausal 
one eminating at π/4 angles fromit, every neighboring point of A on r = 0 surfa
e is spa
elike separated.b): Show that for S
hwarzs
hild r < 2M , surfa
es of 
onstant S
hwarzs
hild t are straight lines in Kruskal
oordinates and that surfa
es of 
onstant r are hyperbolas in Kruskal 
oordinates.answer:For r < 2M , we have
T

X
= tanh

t

4M
.Hen
e, 
onstant t surfa
es are straight lines. For 
onstant r, we have

T 2 −X2 = (1 − r

2M
)er/(2M)whi
h shows that 
onstant r surfa
es are hyperbolas.3.: Referring to the 
onstru
tion of a Kruskal wormhole in Eu
lidean 
oordinate embedding, suppose you havethe solutions {r(t), z(t)} to the equations (where z(t) represents all bran
hes if it involves square roots)

(
dr

dt
)2 + (

dz

dt
)2 =

2M

r
− 1

√

1 − r

2M
er/(4M) cosh [t/(4M)] = T1inside the horizon. Find the fun
tions (of t and φ) in the Eu
lidean ve
tor

(x(t, φ), y(t, φ), z(t, φ))that 
an be used to plot the wormhole. [i.e. express the answer in
luding r(t) and z(t)℄answer:Sin
e the radius of the 
ylindri
al embedding is r(t), we have
x = r(t) cosφ

y = r(t) sinφ

z = z(t)4.: Write a single algebrai
 equation (not di�erential) determining the minimum Eu
lidean radius of the Krukalwormhole throat 
onstru
ted in 
lass as a fun
tion of T1 denoted in le
ture.answer:
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ussed in le
ture or from problem 2, we have
lim

X→0
(T 2

1 −X2) = lim
r→rmin [

(1 − r

2M
)er/(2M)

]yielding
T1 =

√

1 − rmin
2M

e
rmin/(4M)

.5.: A parti
le of mass m > 0 falls radially towards the horizon of a S
hwarzs
hild bla
k hole of mass M. Thegeodesi
 it follows has E = 0.95.a): Find the proper time required to rea
h r = 2M from r = 3M .answer:We have from le
ture
∫

dτ = −
∫

dr√
E2 − V 2

∆τ = −
∫ rf

ri

dr
√

2M
r − (1 − E2)Let

2M

r
= [1 − E2] sec2 θ.This yields

∆τ =
4M

[1 − E2]3/2

∫ arccos

r

[1−E2]
2M/rf

arccos

r

[1−E2]
2M/ri

dθ cos2 θ

=
2M

[1 − E2]3/2

[

θ +
1

2
sin 2θ

]arccos

r

[1−E2]
2M/rf

arccos

r

[1−E2]
2M/ri

.For ri = 3M to rf = 2M , we �nd
∆τ ≈ 1.2Mb): Find the proper time required to rea
h r = 0 from r = 2M .answer:With the formula in part a), we �nd
∆τ ≈ 1.4M
): In S
hwarzs
hild 
oordinate basis, �nd its 4-velo
ity 
omponents at r = 2.001M.answer:The 4-velo
ity 
omponents in S
hwarzs
hild 
oordinate basis is

uµ = (
dt

dτ
,
dr

dτ
, 0, 0)whi
h as worked out in le
ture is

uµ = (
E

1 − 2M
r

,−
√

2M

r
− (1 − E2), 0, 0).Evaluating for the given parameters at r = 2.001M , we �nd

uµ = (1901,−0.9497, 0, 0)6.: In S
hwarzs
hild geometry, 
ompute the φ̂ dire
tion tidal a

eleration on a pair of 
loseby φ̂ separatedparti
les that are in geodesi
 motion, if they are released from rest at a 
oordinate lo
ation (r > 2M, θ =
π/2, φ)? (i.e. Use geodesi
 deviation.) Suppose the toleran
e of human body is a tidal a

eleartion of 500
m/s2. How massive must the bla
k hole be for human beings to survive the φ̂ tidal a

 as the body 
rossesthe horizon?answer:
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 deviation equation derived in le
ture is
aa = −Ra

cbdX
bT cT dwhere we required

XaTa = 0and we 
an normalize
T aTa = −1
orresponding to normalizing the a

eleration with respe
t to proper time. Sin
e released from rest, we have

T a = (
E

1 − 2M
r

,−
√

2M

r
− (1 − E2), 0, 0)

= (
1

√

1 − 2M
r

, 0, 0, 0)

Xa = (0, 0, ξφ, 0).We thus �nd
aφ =

dξφ

dτ2
=

−M
r3

ξφ.Putting in ordinary units, we have
dξφ

dτ2
= −GN

M

r3
ξφ.If the human body length s
ale is L, we have as the human being 
rosses the horizon (ξφ)2r2 = L2. Hen
e, we �nd

r
dξφ

dτ2
|r=2M = −GN

M

(2GNM/c2)3
L

= − c6L

8G2
NM

2Setting this equal to −500m/s2, we �nd
M =

√

c6L

8G2
N (500m/s2)

≈ 6 × 1033 kg
≈ 3 × 103solar masseswhere we have taken the typi
al human body length s
ale to be about L ≈1 m. Hen
e, the bla
k hole mass shouldbe mu
h larger than the mass of the sun.


