
Physi
s 717 Problem set 9April 10, 2009due Monday, April 6, 2009, at the beginning of le
tureProblems1. Complete the argument in le
ture in showing that
dP
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= −(ρ + P )
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with m(r) given as in le
ture for the the equation of state of ρ being a 
onstant independent of P 
anbe integrated to give
ρ + 3P
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.Be sure to use the boundary 
onditions dis
ussed in 
lass.answerPutting in
m(r) =
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3
r3ρ,we �nd
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] .Sin
e ρ is a 
onstant, one 
an 
ompute the integral
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+ Cwhere C is a 
onstant. Taking the log of both sides, we obtain
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rwhere A is another 
onstant. Using the boundary 
ondition that P (R) = 0 and m(R) = M , we �nd
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r
,we �nd
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.Hen
e, we arrive at the result
ρ + 3P

ρ + P
=

√

1 − 2m(r)
r

√

1 − 2M
r
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2. From the result of problem 1, we have
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R3Integrate the Φ′(r) disu
ssed in 
lass to obtain
exp [2Φ(r)] = (1 −
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R
)

[
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]2using the boundary 
onditions dis
ussed in 
lass.answerThe equation governing Φ is
(ρ + P )

dΦ

dr
= −
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.Integrating, we �nd

Φ = − ln (ρ + P ) + C.Using the result of problem 1, we have
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+ CSet the boundary 
ondition of mat
hing S
hwarzs
hild at r = R:
Φ(R) =

1

2
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(

1 −
2M

R

)

.Hen
e, we �nd
C =
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2
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{

ρ2
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)}and
exp [2Φ(r)] =

(

1 −
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) [

ρ
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]23. Verify the statement about spheri
ally symmetri
 pressureless dust with the boundary 
onditions givenin 
lass 
ollapsing in �nite proper time to rea
h the singularity: i.e. Integrate
(
ȧ

a
)2 +

k

a2
=

8π

3
ρ0(

a0

a
)3.In what sense is a = 0 singular?answerSolving for ȧ, we 
an express the solution for 
ollapse to af = 0 as

∫ af /a0
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a ) − k
a2

0

= −[tf − t0].Re
alling that by de�nition of the boundary 
ondition used in 
lass,
k
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0

=
8π

3
ρ0,2



We 
an then rewrite the integral as
1

√

8π
3 ρ0

∫ 1

0

dx
√

1
x − 1

= tf − t0Carrying out the integral, we �nd √
3π

√
2ρ0

1

4
= tf − t0whi
h is 
learly �nite.Note that the tra
e of Einstein eq is

−R = 8πT = −8πρwhi
h diverges at a → 0 sin
e ρ ∝ a−3. Hen
e, there is a 
oordinate invariant 
urvature singularity there.4. If a photon is emittted from the surfa
e of a spheri
al star of uniform density ρ, show that the observedredshift must obey the 
onstraint z < 2.answerSin
e the bound on M/R is
M

R
≤

4

9
,and sin
e the redshift formula is

1
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= eΦ(R)−Φ(∞)whi
h gives
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3or equivalently
zmax = 2.
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