
Physics 801 Problem Set 1 Suggested Solutions

1.

The derivation of the Friedman equations follows directly from computing the Christoffel symbols in the {t, r, θ, φ}
coordinates and the necessary derivatives. Given the form of the metric, it is easy to show

Γλ
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gλλ[gλλ,1(δµλδν1 + δνλδµ1) + gλλ,0(δµλδν0 + δνλδµ0) +

δλ3g33,2(δν2δµ3 + δµ2δν3)− gµν,λ]

where here we are not summing over any repeated indices. The ten Rµν can thus easily be computed as
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Hence, the Ricci Scalar is
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which is the Friedmann equation.

2.

Start with the metric on the 3-sphere

ds2 =
4∑

i=1

(dxi)2.

Since the 3-sphere is defined by
4∑

i=1

(xi)2 = α2,

we have
(x4)2 = α2 − r2

where

r2 ≡
3∑

i=1

(xi)2.

Hence,

dx4 =
rdr√

α2 − r2

and
(dx1)2 + (dx2)2 + (dx3)2 = dr2 + r2dΩ2.

Hence, we arrive at

ds2 = dr2(1 +
r2

α2 − r2
) + r2dΩ2

= dr2(
1

1− r2

α2

) + r2dΩ2.
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3.

Taking the functional variation, we have

δS =
∫

d4x
√

g[∂[αχµν]∂[βχλκ]δg
αβgλµgκν

∂[αχµν]∂[βχλκ]g
αβδgλµgκν + ∂[αχµν]∂[βχλκ]g

αβgλµδgκν

+m2χµνχαβδgµαgνβ + m2χµνχαβgµαδgνβ − 1
2
gµνδgµν{∂[αχµν]∂[βχλκ]g

αβgλµgκν + m2χµνχµν}].

Hence, we find

Tµν(x) =
2
√

g

δS

δgµν(x)

= 2[∂[µχθφ]∂[νχλκ]g
λθgκφ + ∂[αχνγ]∂[βχµκ]g

αβgκγ + ∂[αχγν]∂[βχλµ]g
αβgλγ

+m2χµγχνβgγβ + m2χλµχανgλα]− gµν{∂[αχµν]∂[βχλκ]g
αβgλµgκν + m2χµνχµν}

= 2[3∂[µχθφ]∂[νχλκ]g
λθgκφ + 2m2χµγχνβgγβ ]

−gµν{∂[αχγθ]∂[βχλκ]g
αβgλγgκθ + m2χαβχαβ}

4.

The age of the universe for a matter dominated universe is given by
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Plotting this, one obtains
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Most of the age of the current universe has been accumulated in the matter dominated regime. It is important to
note that the time scale of cosmology is thus billions of years and this fact is not extremely sensitive to the amount of
matter in the universe.
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