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Preface

The topologicalstring on a Calabi-Yau threefold X is (loosely
speaking)an \integrable spine” of the Type Il string theay on

X R%L. Calabi-Yau spacesare the natural target spacebecause
they preservesomesupersymmetry

The full Type Il theay in 10 dimensionds knowvn to developan
11-dimensionaPoincae invarianceat strongcoupling| leading
to the conjecturethat thereis an M-theory in 11 dimensionsvhose
low energylimit is 11-dimensionasupergravit.

Could somethingsimila happen for the topologicalstring| could
the Calabi-Yau spaceX grow an extra dimension?The natural
target spacedn this casewould be G, holonomymanifolds. But
what is the appropriate low energyaction?
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Geometricstructuresand forms

Hitchin introducednew action functionalsfor which the critical
points are geometricstructureson a manifold X | e.g. symplectic
structure, complexstructure, G, holonomymetric.

The constructionis basedon the ideathat geometricstructuresare
often chaacterizedby the existenceof particular di erential forms
on X | e.g.presymplecticform ! , holomaphic volumeform ,
asseiative 3-fom | obeyingsomeintegrability conditions|
eg.d =0,d =0,d =d = 0.



Stableforms

A form ! on an n-dimensionaimanifold X cangiveriseto a
geometricstructure becausdt de nes a reductionof the group
GL(n; R) of coordinate changeg(structure group of TX) to the
subgroupthat preserves .

In order to get the samestructure at everypoint of X,
independentof small perturbationsof ! , want! to be

nondegenerat@nd genericin an appropriate sense.What doesthis
meanfor a generalp-form?



Stable2-forms

If p= 2, we know how to de ne a nondegeneratéorm: it is
I = MYdx * dx with detM 6 O.

A nondegenerateeal 2-form in dimensionn = 2m can always
locally be written

P=e" i+t +en”fn

overX (\ielbein"). So! de nesa presymplecticstructure:
reducesGL(2m;R) ! Sp(2m;R) at eachpoint.

If dI = 0, then there existlocal coordinates

' =dppMdgp+ + dpm ” dom:

Then! de nes a symplecticstructure.



Stableforms

Another way of expressingthe statementthat a 2-fom ! is

nondegeneratds to say that any smallperturbation! ! ! + |
can be undoneby a local GL(n; R) transfamation. In this sense
is stable

This formulation can be generalizedo other p-forms: we say

I 2 P(X;R) is stableif it liesin an open orbit of the local
GL(n; R) action, i.e. if any small perturbation can be undoneby a
local GL(n; R) action.

Soe.g. there are no stable0-farms; any 1-form that is everywhere
nonvanishings stable;for 2-forms stability is equivalentto
nondegeneracywhenn is even!)



Stable3-forms

What about p = 3? The dimensionof * 3(R") grows like n®, but
the dimensionof GL(n; R) grows like n?) for large enoughn,
there cannot be stable 3-forms!

In large enoughdimensionsgvery3-form is di erent.



Stable3-foomsin dimensiornb

But someexceptionalexamplesexist| e.g.n= 6.
dim~3(R% = 20
dimGL(6; R) = 36

So considera stablereal 3-foom  in dimension6. The stabilizerof
insideGL(6; R) hasrealdimension36 20= 16;in factit is
either SL(3;R) SL(3;R) or SL3;C) [ SL(3;C).

We're interestedin the caseof SL(3;C) [ SL(3;C).



Stable3-foomsin dimensiornb

If hasstabilizerSL(3; C) [ SL(3;C) it can be written locally in
the form

where 1= e +iey, 2= e3+ ey, 3= 6+ ieg, andthe g are a
basisfor T X, varying overX. The ; determinean almost
complexstructureon X. If we are lucky, there existlocal complex
coordinates(z;; zp; z3) suchthat ; = dz; in that casewe sa the
almostcomplexstructureis integrable i.e. it is an honestcomplex
structure.



Stable3-fomsind = 6

Giventhe stable 2 3(X;R)

we can de ne anotherreal 3-form
I N N

"()=§ 1M 2™ 3 1M 2N 3

This ~ is algebaically determinedby . Then = + i%isa
holomaphic 3-form in the almostcomplexstructure determinedby

The complexstructureis integrablejustif d = 0,i.e.d =0,
d™ ) =0.



Hitchin's holomaphic volumefunctional

The integrability conditiond = 0, d”( ) = 0 canbe obtainedby
extremizationof a volumefunctional:

1Z i Z
\V/ - = N N - A _:
W()=3 ") 2
Here varieswithin a conomologyclass[ ]2 H3(X;R) | i.e.

= o+ d for some xed closed 3. Sod = 0 of course;and
the e ect of variation of is
Z

va()=_~)"~d( ),
X

so Vy( )=0forall ) d™)=0.



Intermezzo

One canwrite V() more explicitly in terms of
z

1 p
- 6 apazasasapd; agdgdloal1dlsd
VH( ) - E d°x a18pa; a5 aragdy Aw0dudiz 38483687 As8931081181281



Hitchin's holomaphic volumefunctional

So extremizationof Vi, with a xed [ ] 2 H3(X;R), leadsto
integrablecomplexstructureson X, equipped with holomaphic
3-faroms , suchthat the real parts of the periods are xed by
[Re ] =[] (Almost\Calabi-Yau structures”on X, exceptthat
we didn't say X was Kahler. No Ricci at metricshere!)

Complexgeometryemergedrom real 3-forms! A peculiaity of
d=6.



Hitchin vs. the B model

So altogetherwe have
i VA

\Y = — N
the action of a \2-form abelian gaugetheay" in 6 dimensionsfor
which the classicalsolutionsare roughly Calabi-Yau structures. (A
stripped-davn gravity theary.)
We alreadyknow a theay in 6 dimensionswith theseclassical
solutions| the B model topologicalstring, or \Ko daira-Sgencer
gravity." SocouldVy be a target spaceaction for the B model?

De ne formally the partition function,
z
Zuy( D= 2[]D exp(Vu( )):

This is a real function of [ ] 2 H3(X; R). We want to compae it
to the B model partition function.



The B model and backgrounddependence

The B model patition function is naivelya holomaphic function
of the complexmoduli of X, Zg(t). But more preciselyit hasa
backgrounddependence dependson choiceof base-mwint

0 2 H3(X;R), soit shouldbe written Z;°(t). Heret
parameterizegangent vectas to the extendedTeichmullerspace
(complexstructurestogetherwith a choiceof holomaphic 3-form):
t 2 H3;0(X 0, C) Hz;l(X 0 C). [Bershadsky-Cecotti-Ooguri-Vafa]

The various Z; ° are relatedby a holomaphic anomalyequation
which givesthe parallel transport from one ¢ to another J. This
equationhasan elegantinterpretation. [Witten]



Backgrounddependenceasthe wavefunctionproperty

ConsiderH3(X; R) asa symplecticvecta space;then we can
quantizeit. (Think of R? with ! = dp” dg.) The Hilbert space
consistsof functions  which depend on \half the coordinates,"
e.g. functionson a Lagrangiansubspacdchoiceof polarization).
Di erent polarizationsare relatedby Fourier-like transfams.

Sowe cgnhavereal polarizations (like  (q) or

(p) = dqge'Pd (qg)), obtainedby splitting H3(X;Z) into \A
and B cycles"| symplecticmarking,
Ha(X;Z) = H3(X;Z)a Hs(X;2Z)s.

Canalsohaveholomaphic polarizations(like (q+ ip) or
(g+ p)) obtainedby splitting H3(X; C), e.g. Hodge splitting
HS(X,C) - H3;O H2;1 HO;3 Hl;2 .

The variousZ; ° are expressionf the samewavefunctionin
di erent polarizationsof H3(X;R) | polarization givenby the
Hodge splitting determinedby .



Hitchin vs. the B model

Sowe've seenthat Zg dependson only half the coordinatesof
H3(X;R) (Lagrangiansubspace)nd requiresa choiceof
polarization. Thesefeaturesare visiblealreadyclassically(genus
zero).

On the other hand, Z is a function on all of H3(X; R), and
doesn't seemto requireany choice.

Sowe can't say Zy = Zg. Instead,proposethat Zy = Zg  Zg,
or more precisely Zy is the Wigner function assaiatedto Zg: this
is the phase-spaceéensiy,

Z

(Zs Ze)[ D= d e" ieljzg(a+i)j*

Herewe wrote Zg in the real polarization determinedby a choice
of A and B cycles(symplecticmaking): A = Ju,(x:R),
B = JHy(X:R)g"



Hitchin vs. the B model

TherelationZy = Zg  Zg holdsat leastclassically i.e. leading
order asymptoticsin large [ ] expansion.In that limit the
saddle-pint evaluationof

z

d el isljzg(a+i)j?

indeedgives R
(Zs Ze)[( ) € " ;

where is the complexstructurewith [Re ] = [ ].

This agreeswith the saddle-pint evaluationof Zy ([ ]), almostby

de nition.



Hitchin vs. the B model

At one-lop the situation is subtler: careful BV quantizationshaws
that, in order to agreewith the knovn one-lop Zg  Zg, one
needsto replaceZy by an extendedZy. [Pestun-Witten]

The extendedZy includes elds describingvariations of
generalizeccomplexstructures. [Hitchin]



Hitchin B model and black holes

The Wigner function of the B model (which we havenow

identi ed asZy ([ ])) hasappeaed recentlyin anothercontext: it
was conjecturedthat Zy ([ ]) computesthe number of statesof a
black hole

Motivation from the attractor mechanism supposewe consider
Type IIB superstringon X R31. Then we can constructa
chaged black hole by wrappinga D3-brane on a 3-cycle

Q 2 H3(X;Z). The complexmoduli of X nea the horizon then
get xed to an satisfying[Re ] = Q .

This is exactlythe that Hitchin's gaugetheay constructsif we
x theclass[ ]= Q . And Zy([ ]) is exactlythe number of states
of the black hole! [Ooguri-Strominger-Vafa]

SoZy refamulatesthe B model in a way naturally adaptedto the
counting of black hole states.



Hitchin's symplecticvolumefunctional

What about the A model? This hasto do with variations of
symplecticstructures

Hitchin introduceda functional which producesat its critical
points symplecticstructuresin d = 6.

A stable4-fom ind = 6 may be written = %k AN k. Thenk
givesa presymplecticstructure. De ne

Z Z
1 1
V =—- k"k~"k=Z Kk~
s( ) 5 3
Varying Vs( ) with [ 12 H4(X;R) xed, ie. = o+d for
someclosed g, get
4
1
Vg= = k~ X
57 5 d ;

so Vg=0) dk= 0,i.e. k de nesa symplecticstructure
So Vs hasthe sameclassicalsolutionsasthe A model.



Hitchin A model and blackholes

Another attractor mechanism considerM-theory on X~ R%1.
Then we can constructa charged black hole by wrappingan
M2-braneon a 2-cycleQ 2 Hy(X; Z). The Kahler moduli of X
nea the harizon then get xed to an k satisfying%[k "Kkl=Q .

This is exactlythe k that Hitchin's gaugetheay constructsif we
x theclass[ ] = Q . Sothe weird fact that Vg involvesthe
4-form k N k insteadof the 2-farm k gets naturally relatedto the
fact that we want to x a 2-cyclechage.

The legdingnumber of statesof this black holeis
exp k~ k” k atlargek, which agreeswith the classicalvalue
of the Hitchin A model partition function,
z

Zs([ D= " ]D exp(Vs( ) :



Hitchin A model and blackholes

It was known befare that one can extract countsof BPS statesof
wrapped M2-branesin ve dimensiondrom the perturbative A
model. [Gopakuma-Vafa]

Herewe are nding that the Hitchin versionof the A model is
organizeddi erently | its partition function seemso be directly
counting the number of states.



Hitchin and topologicalstrings

So Hitchin's functionalsVy and Vs in 6 dimensionsseemto give
refamulations of the target spacedynamicsof the B model and A
model topologicalstring thearies, naturally adaptedto the problem
of counting black holes.

We only arguedfor this classicallyjt remainsto be seenhow much
Vy and Vg can captureabout the quantumtheaies.

Theserefamulationsmay be of interestin their own right. They
are alsonaturally relatedto Hitchin's functional in 7 dimensions.



Stable3-foomsin dimension/

Another exceptionalexample] n= 7.
dim~3(R") = 35
dimGL(7;R) = 49

Soconsidera stablereal 3-faom  in dimension7. The stabilizerof
insideGL(7; R) hasdimension49 35= 14;in one open subset
it is the compactform of G,.



Stable3-formsin dimension/ and G, structures

If 2 S3(Y;R) is stableof the appropriate sat, it determinesa
\ G, structure” on 'Y (reduction of the structure groupto Gy).

Concretely canbe written in the form
X7
= ike ™ g " &;
i;j;k=1
where i are the structure constantsof the imaginay octonions,

andthe g are a basisfor T Y, varyingoverY . G, occursasthe
automaphismgroup of the imaginay octonions.

We can constructa metric from , namely

X7

This metric has G, holonomyjustifd = 0,d = 0.



Hitchin's G, volumefunctional

The integrability conditiond = 0, d = 0 can{ again{ be
obtainedby extremizationof the volumefunctional:
z
V() = n
Y

Again vaieswithin a cohomologyclass [] 2 H3(Y;R) | i.e.
= o+ d for some xed closed ¢. Sod = 0 of course;and

the e ect of variation of is
Z

wl~N

V7() = Ad();

Y

so Vz() =0) d

I
©



Hitchin's G, volumefunctionalandtopologicalM-theay

So Z
V() = N
Y

generatess, holonomymetricsat its critical points. In this sense
it is a candidateaction for topological M-theory.

By analogywith physicalM-theory, one would expect that
topologicalM-theary on X S? shouldbe relatedto topological
string theay on X. Indeed,this V7 can be connectedto the A and
B models.



Hitchin's G, volumefunctionalandtopologicalM-theay

Namely letting t be the coordinate alongSt inY = X S, and
splitting

= kdt +
one gets (assumingthe constraintsk » = 0,
2Vs() Vu()=0)

= dt +

which implies
V7() = 2Vu( )+ 3Vs()

SotopologicalM-theory seemdo reduceto the sum of the A and
B modelsat leastin this formal sense.



Hamiltonianreduction

Another perspective on this relation: considercanonical
guantizationof topologicalM-theory on X  R. The phasespace
isthen 3..(X;R)  4.4(X;R) (omitting zeromodes), with
the symplecticpairing determinedby

z

1
. i = n —
h ;o g Q)
and the Hamiltonian
H=2Vs( ) Vu(): 2

The conditionsk® = 0,2Vs( ) Vu( ) = 0then (should)shov
up asthe di eomorphism and Hamiltonian constraints,as usualfor
quantizationof a di eomorphisminvariant theay.

The A modeland B model appea as conjugatedegreesf freedom!



Open questions

There are many open questions

How doestopologicalM-theory embed into the physical
string/M-theory (what quantitiesdoesit compute?)

Canit be usedto give a nonperturbative de nition of the
topologicalstring? The splitting betweenA and B modelsis
not covaiant in 7 dimensiony doesthis meanthe A and B
modelshaveto be mixedtogether nonperturbatively? How
shouldthe 6-dimensionaktouplingsga, gs be identi ed?

What is the meaningof the fact that the A and B model
appea as conjugatevariables?(S-duality?) [Nekrasov-Ooguri-Vatal

Shouldthe theay be augmentedto one which descriles
generalizeds, structures? [Pestun-Witten, Hitchin, Wit

IS thel’e a I|ft tO 8 dimenSionS? [Anguelova-de Medeiros-Sinkovics]
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