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Plan

Describe non-extremal fuzzball and dual CFT state

Describe instability of the above solution

Give CFT/ microscopic description of the instability



Structure of Black Holes

Singularity

Horizon

Flat Space

Throat (AdS)

Horizon

Singularity

Neck



Black Holes in SUGRA

Example

Compactify 5 dimensions out of 10

R1,9 R1,4 X T4 X S1

Take n1 D1 branes along S1

Take n5 D5 branes along T4 X S1

Take np momentum units along S1

Form their bound state



Extremal and Non-Extremal Black Holes

Extremal Black Holes - minimum mass for given 
charges

MD1 ~ R MD5 ~ R V MP ~ 1/R 

Extra energy excites anti-charges

For large R only anti-momentum is excited

D1 ! D5 ! P + Energy ! " D1 ! D5 ! P øP

where volume of    S1 ~ R,  T4 ~ V 



AdS/CFT

Flat Space

Throat (AdS)

Horizon

Singularity

Neck

CFT 

CFT is unitary

Where are the states in 
gravity ?



CFT - Effective String

1+1 (4,4) CFT with target space deformation of 
orbifold (T4)N/SN

N=n1n5 total winding number

Four bosonic excitations carrying spacetime indices
Four real fermions in each sector 

spin of fermions in CFT = angular momentum 

SO(4) ~ SU(2)L X SU(2)R

Radius=R



Four bosonic excitations
Two complex fermionic excitations

! E =
1
R

! J =
1
2

! E =
1

nR

! J =
1
2



Special states have been made

E = 0

J =
n1n5

2

in the left and right sector



Smooth Solutions (Extremal)

Rotation

Black Hole Smooth Geometry
Originally done for 2-charge D1-D5

Later on same was done for 3-charge D1-D5-P

Horizon disappears - single state

 hep-th/0011217  hep-th/0012025

hep-th/0405017 hep-th/0406103



Non-extremal smooth geometries

Rotation

Non-extremal 
Black Hole

Non-extremal
Smooth Geometry

Horizon disappears - single state

hep-th/9603100

hep-th/9705192

hep-th/0504181



Features of this geometry

No horizon

Completely Smooth

Have ergoregion
No global timelike Killing vector

Negative energy excitations inside 
ergoregion

Rotation

J! = ! m n1n5

J" = 0

P = 0

M = m 2 ! 1
2R n1n5



CFT dual to non-extremal smooth geometries

fermionic excitations on left and right 
sectors

All component strings of same winding 
number

J = m
n1n5

2

E =
m2 ! 1

4R
n1n5

in left and 
right sectors



Classical Instability

Klein-Gordon equation in the smooth background

to give

R !
"

Q1Q5"
a1a2

"
spcp (2.18)

with the relat ion (2.12) we have

M !
Q1Q5

R2 nm(s! 2 # s2)2spcp (2.19)

Using (2.17) and (2.9) we get

s2
p !

s4

1 # s4 (2.20)

which gives

M !
Q1Q5

R2 nm(s! 2 # s2) (2.21)

and we have excitat ion energy (the ADM mass above the D1-D5 system ground state)

! M AD M !
! M

4G(5)
(1 + 2s2

p) !
!

4G(5)

Q1Q5

R2 nm(s! 2 + s2)

=
!

4G(5)

Q1Q5

R2 (m2 + n2 # 1)

=
1
R

(m2 + n2 # 1)n1n5

Which is consistent with the assumpt ion that M becomes small for large R.
Another useful large R limit which will come in handy when working with the CFT is the

limit of r 2
+ # r 2

! . Using (2.13)

r 2
+ # r 2

! =
M

nm(s! 2 # s2)
!

Q1Q5

R2 (2.22)

3 I nst abil i t ies of t he smoot h geomet r ies

Short ly after the construct ion of the 3-charge smooth geometries it was shown in [6] that these
geometries su" ered from an instability. This was a classical ergoregion instability which is
a generic feature of rotat ing non-extremal black holes. In this sect ion we will reproduce the
instability and take the large R limit so that we can compare it with the CFT model we
construct .

3.1 Set t ing up t he wave equat ion of minimally coupled scalar

We consider the minimally coupled massless wave equat ion in the geometry.

! # = 0 (3.23)

In [4] the equat ion was simpliÞed with the ansatz

4

ansatz

In the large R limit angular part reduces to laplacian on S3

! = exp(! i ! t + i "
y
R

+ im ! # + im" $)%(&)h(r )

(hep-th/0512277)



The radial equation

solution in outer region

solution in inner region

X

! R =
1
R

(! l ! m! m ! 2)

! I =
1
R

2"
(l !)2

!
! 2

R
Q1Q5

4R2

" l +1



Interpretation of the wave solution

ßat space and AdS decouple 

the wave splits off into two parts

the energy of excitations in AdS is

have something to say about the other. A more detailed analysis of the lat ter along with other
boundary condit ions is left for a forthcoming paper [].

The solut ion that we want to look at was derived in the appendix ?? and here we reproduce
the results (??) and (??)

! i n = e! I t e! i (! R t ! m! " ) ! (" )(1 + x)! l + 2
2 (3.21)

! out = (i )3l e! i "
4

!
Q1Q5

R

!
#I

#R
! (" )

1

r
3
2

e! I (t ! r )e! i (! R (t ! r )! m! " ) (3.22)

where x has been deÞned in the appendix in (??) and is repeated here

x !
r 2R2

Q1Q5
(3.23)

For this solut ion we have found in (??) the energy to be

#R =
1
R

(" l " 2 " m" m) (3.24)

So the part of the wave in the outside region will have posit ive energy if m" m is negat ive or
in other words if it is corotat ing with the geometry as seen from ??. An interest ing feature of
this solut ion is that while it is increasing in t ime exponent ially, it decreases exponent ially with
increasing r in the out region so it is normalizable. The imaginary part of # was found in (??)
to be

#I =
1
R

2$
(l !)2

"
#2

RQ1Q5

4R2

# (l+ 1)

(3.25)

4 Conserved Charges

Wehave four Killing vectors for our geometry - two angular t ranslat ions%µ
(#) = &µ

# , %µ
(" ) = &µ

" , one
spat ial t ranslat ion %µ

(y) = &µ
y and one temporal t ranslat ion %µ

(t) = &µ
t . Since neither the geometry

nor the wave is rotat ing in the ' direct ion the only non-t rivial charges will correspond to the
lat ter two Killing vectors. These charges are given by

H = "
$

%µ
(t)T

$
µ dS$ =

$
T $

0 dS$ (4.26)

and

L " =
$

%µ
(" )T

$
µ dS$ =

$
T $

" dS$ (4.27)

where dSµ is an element on a spacelike hypersurface. A simple spacelike surface to consider is
the surface t = constant. For this surface the normal nµ = ( µ(t) = &t

µ has the norm gtt which
is negat ive everywhere. This can be seen in the AdS region from the inverse metric (??) and in
ßat space gtt = " 1. For an expression for gtt in the neck region also one could invert the metric
(??) or the components of the inverse metric are listed in [?]. Since the normal is t imelike the
surface is spacelike. We then have

dSµ = &0
µ
#

" gdr dA (4.28)

5



Like tunneling of excitations 
out of a box

However here the box 
initially had no excitations

Simultaneously excitations 
produced inside and outside 
the box

Energy conservation ?

Schiff-Schnyder-Weinberg 
effect



More general case
and we get the frequency of instability from (3.67)

! ! " l " m! m + m" n " | " " " m! n + m" m| " 2(N + 1) (4.71)

Furthermore we see from (3.28) and (2.22)

#2 ! (! 2 " " 2)
Q1Q5

R4 (4.72)

which along with (3.68)

I m(! ) =
2$

(l !)2 (! 2 " " 2)l+ 1
!

Q1Q5

4R4

" l+ 1

[l + 1]N [l + 1]N + |#| (4.73)

5 T he M icroscopic M odel: D 1-D 5 CFT

We have seen in the preceding sect ions how the non-extremal smooth geometries are described
and the instabilit ies they su! er from. We saw the expressions for the momentum charge and
the momentum and we also saw the expression for mass in the large R limit which we expect by
AdS/ CFT to be dual to a CFT model. We expressed the instability frequencies and their width
in general and then to leading order in the large R limit . In this sect ion we will Þrst construct
a CFT model for the said geometries by spectral ßow which will see has angular momenta and
charges matching the large R gravity results. Next we will explain the model as fermions of
two di! erent ßavors t raveling along the left and right moving sectors.

We take I IB string theory compact iÞed to M 1,4 # S1 # T4. We wrap n1 D1 branes on S1 and
n5 branes on S1 # T4. Thebound state of these branes is described by a 1+ 1 dimensional sigma
model with the base space (t, y) and the target space a deformat ion of the orbifold (T4)N / SN

where N = n1n5. It is conjectured that in this moduli space we have an Õorbifold pointÕwhere
the target space is just the orbifold (T4)N / SN [8].

The CFT with target space just one copy of T4 is described, at the orbifold point , by 4 real
Bosons, 4 real left moving fermions and 4 real right moving fermions. The central charge of
the theory is c= 6. The complete theory has N copies of this CFT with the states symmetrized
between them. The orbifolding also generates twist sectors which are created by the twist
operators. A detailed construct ion of these twist operators can be found in [9].

The rotat ional symmetry of the noncompact S3 gives a symmetry so(4) $ su(2)L # su(2)R.
The left fermions carry a spin 1

2 under su(2)L and there are two ßavors of them. Similarly the
right fermions carry a spin 1

2 under the su(2)R and there are two ßavors of these too. The
charge of the state is given by (j , øj ) = (j 3

L , j 3
R ).

Consider one copy of the c= 6 CFT and look at the left sector. The fermions can be ant i-
periodic around y (NS sector) or periodic (R sector). TheNS vacuum has dimension and central
charge zero, h= j= 0. The NS sector ground state can be mapped to the R sector ground state
and the subsequent excited states by spectral ßow [10], under which the conformal dimension
and charge change as

h! = h + %j + %2 c
24

(5.74)

j ! = j + %
c

12
(5.75)

11

=

where

J! = ! m n1n5

J! = n n1n5

! = exp(! i ! t + i "
y
R

+ im ! # + im" $)%(&)h(r )



Proposal:

 - twists (l+1) strings to one

the instability vertex operator

- annihilates and creates bosons and fermions
  on the strings

- produces graviton in the bulk

energy, momentum, angular momentum 
conserved

and a spin
j =

nL

2
(4.70)

The levels for the fermions ÷! are Þlled up in the same way upto the level nL
R . The total energy

of the left movers is thus
EL =

1
R

nL (nL + 1) (4.71)

Recall that before we added any fermions the Ramond ground state already had a Ôbase spinÕ
of j = 1

2. After adding in the contribut ions of both fermions ! , ÷! the spin is

j = 2(
nL

2
) +

1
2

=
2nL + 1

2
(4.72)

Doing this for all the n1n5 copies of the CFT, and also adding the corresponding contribut ions
of the right movers, we see that we get the energy (4.67) and the charges given in (4.61).

In short , our microstates of interest have n1n5 copies of the c = 6 CFT, with no twist
operators linking the di! erent copies of the CFT. We have fermionic excitat ions Þlling up the
fermi sea with no ÔholesÕ. There are two species of such fermions for each of the left and right
movers, and we have nL fermions of each species for the left movers and nR fermions of each
species for the right movers. The state carries no bosonic excitat ions X i . When we compute
the emission from the microstates we will use the above explicit descript ion of the state in terms
of its excitat ions.

4.4 T wist operat ors

When a supergravity quantum is absorbed by the D1-D5 system then the process is represented
in theCFT by insert ion of a chiral primary or thesupersymmetry descendent of a chiral primary.
Such operators are composed of a ÔtwistÕoperator " k and certain operators for bosonic and
fermionic excitat ions.

Figure 1: (a) A subset of k st rands of the component st rings near a point y on the S1 (b) A
twist operator " k inserted at y changes the way these stands are linked; each strand joins the
next one, in a cyclical fashion (c) The vertex operator for scalar emission also creates left and
right moving excitat ions at the locat ion y.

14



We have to have an odd number of spectral ßow to get to R sector. This gives for the complete
CFT with central charge c = 6n1n5

(h, øh) =
n1n5

4
((2nL + 1)2, (2nR + 1)2) (5.76)

(j , øj ) =
n1n5

2
(2nL + 1, 2nR + 1)

This gives us the energy (deÞned to be the energy above the R sector ground state) and
momentum

E (cf t) = (h + øh) ! (hnL ! 0 + øhnR ! 0) = n1n5(nL (nL + 1) + nR(nR + 1)) (5.77)

P(cf t) = h ! øh = n1n5(nL ! nR)(nL + nR + 1) (5.78)

and the non-compact dimension angular momentum are ident iÞed as Ñ - Need a just iÞcat ion
Ñ

J (cf t)
! = ! j ! øj , J (cf t )

" = ! j + øj (5.79)

to give

J (cf t)
! = ! n1n5(nR + nL + 1), J (cf t)

" = ! n1n5(nR ! nL ) (5.80)

This CFT state corresponds to n1n5 copies of a circle of radius R with nL fermions of spin
+ 1

2 in the su(2)L sector and nR fermions of spin + 1
2 in the su(2)R sector as shown in Þgure 1.

Figure 1: CFT state obtained from spectral ßow

A simple count ing of energy, momentum and left and right angular momentum will show
that the state described in diagram is indeed the state we get from spectral ßow. Since the
excitat ions on the circle are fermions they obey PauliÕs exclusion principle. However there are
two ßavors in each sector. So we get for the left moving momentum from both ßavors

PL = 2 "
1
R

(1 + 2 + ááá+ nL ) =
nL (nL + 1)

R
(5.81)

12

and similarly from the right movers

PR =
nR(nR + 1)

R
(5.82)

For the angular momentum we add the spins of fermions and + 1
2 for the circle Ñ - Explanat ion

for this Ñ

JL / R = 2 ! nL / R !
1
2

+
1
2

) =
1
2

(2nL / R + 1) (5.83)

Thus we get for the complete set with n1n5 st rings

ER = n1n5(PL + PR) = n1n5(nL (nL + 1) + nR(nR + 1)) (5.84)

PR = n1n5(PL " PR) = n1n5(nL " nR)(nL + nR + 1)

(JL , JR) =
n1n5

2
(2nL + 1, 2nR + 1)

which are the same as the values we got from spectral ßow.
To connect with the results of [4], [6] we ident ify

nL " nR # n (5.85)

nL + nR + 1 # m (5.86)

Which gives

ER =
n1n5

2
(m2 + n2 " 1) (5.87)

PR = n1n5nm

(J! , J ! ) = " (JR + JL , JR " JL ) = n1n5(" m, n) (5.88)

which match the large R limits from gravity.
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Model: nL left fermions and nR right of two ßavors

The string has spin half 
in each direction



J! = ! mn1n5

J! = nn1n5

np = nmn 1n5

! M AD M =
1

2R
(m2 + n2 ! 1)n1n5

With m = nL + nR + 1

n = nL ! nR

matches gravity

and J! = ! JL ! JR

J! = JL ! JR

so we understand the CFT state



Instabilities: Explicit example

2 ßavors, 2 fermions each

3+1=4

2 ßavors, 4 fermions each

X

nl=4,nR=2, l =3

start with l+1=4 loops



For each ßavor in the left moving sector

P f
L =

1
R

[1 + 2 + 3 + 4]

=
10
R

PL =
20
R

For total left momentum we have



For each ßavor in the right moving sector

For total left momentum we have

Pf
R =

1
R

[1 + 2]

=
3
R

PR =
6
R



spin from left moving fermions
of one ßavor

J f ,f er m
L =

1
2

! 4 = 2

base spin of the string

J f ,base
L =

1
2

total spin of left movers

JL =
1
2

+ 2 + 2 =
9
2



spin from right moving fermions
of one ßavor

base spin of the string

total spin of right movers

J f ,f er m
R =

1
2

! 2 = 1

J f ,base
R =

1
2

JR =
1
2

+ 1 + 1 =
5
2



E = PL + PR =
20+ 6

R
=

26
R

P = PL ! PR =
20! 6

R
=

14
R

J! = ! (JR + JL ) = !
5 + 9

2
= ! 7

J" = ! (JR ! JL ) = 2



3+1X X 2 ßavors

E = 4(PL + PR ) =
104
R

P = 4(PL ! PR ) =
56
R

J! = ! 4(JR + JL ) = ! 28

J" = ! 4(JR ! JL ) = 8

grab 3+1 of these 



and make a twisted string of length (3+1) R

X 2 ßavors



X 2 ßavors

For each ßavor in the left moving sector

For total left momentum we have

momentum quanta have gone down to 
1

4R

total left momentum

Pf
L =

1
4R

[1 + 2 + ... + 16] =
34
R

PL =
68
R



X 2 ßavors

For each ßavor in the left moving sector

momentum quanta have gone down to 
1

4R

total right momentum

Pf
R =

1
4R

[1 + 2 + ... + 8] =
9
R

PR =
18
R



The spin from left moving fermions
of one ßavor

base spin of the string

total spin of left movers

J f ,base
R =

1
2

X 2 ßavorsJ f ,f er m
L =

1
2

! 16 = 8

JL =
1
2

+ 2 ! 8 =
33
2



The spin from left moving fermions
of one ßavor

base spin of the string

total spin of left movers

J f ,base
R =

1
2

X 2 ßavorsJ f ,f er m
R =

1
2

! 8 = 4

JR =
1
2

+ 2 ! 4 =
17
2



after the twisting we have

X 2 ßavors

E = PL + PR =
68+ 18

R
=

86
R

P = PL ! PR =
68! 18

R
=

50
R

J! = ! (JR + JL ) = !
17+ 33

2
= ! 25

J" = ! (JR ! JL ) = 8



E =
104
R

P =
56
R

J! = ! 28

J" = 8

E =
86
R

+
2
R

=
88
R

P =
50
R

J! = ! 25

J" = 8

! =
16
R

" =
6
R

m! = ! 3

m" = 0

Account E=2/R for bosons



! =
16
R

" =
6
R

m! = ! 3

m" = 0

m = nL + nR + 1 = 7

n = nL ! nR = 2

and we get the frequency of instability from (3.67)

! ! " l " m! m + m" n " | " " " m! n + m" m| " 2(N + 1) (4.71)

Furthermore we see from (3.28) and (2.22)

#2 ! (! 2 " " 2)
Q1Q5

R4 (4.72)

which along with (3.68)

I m(! ) =
2$

(l !)2 (! 2 " " 2)l+ 1
!

Q1Q5

4R4

" l+ 1

[l + 1]N [l + 1]N + |#| (4.73)

5 T he M icroscopic M odel: D 1-D 5 CFT

We have seen in the preceding sect ions how the non-extremal smooth geometries are described
and the instabilit ies they su! er from. We saw the expressions for the momentum charge and
the momentum and we also saw the expression for mass in the large R limit which we expect by
AdS/ CFT to be dual to a CFT model. We expressed the instability frequencies and their width
in general and then to leading order in the large R limit . In this sect ion we will Þrst construct
a CFT model for the said geometries by spectral ßow which will see has angular momenta and
charges matching the large R gravity results. Next we will explain the model as fermions of
two di! erent ßavors t raveling along the left and right moving sectors.

We take I IB string theory compact iÞed to M 1,4 # S1 # T4. We wrap n1 D1 branes on S1 and
n5 branes on S1 # T4. Thebound state of these branes is described by a 1+ 1 dimensional sigma
model with the base space (t, y) and the target space a deformat ion of the orbifold (T4)N / SN

where N = n1n5. It is conjectured that in this moduli space we have an Õorbifold pointÕwhere
the target space is just the orbifold (T4)N / SN [8].

The CFT with target space just one copy of T4 is described, at the orbifold point , by 4 real
Bosons, 4 real left moving fermions and 4 real right moving fermions. The central charge of
the theory is c= 6. The complete theory has N copies of this CFT with the states symmetrized
between them. The orbifolding also generates twist sectors which are created by the twist
operators. A detailed construct ion of these twist operators can be found in [9].

The rotat ional symmetry of the noncompact S3 gives a symmetry so(4) $ su(2)L # su(2)R.
The left fermions carry a spin 1

2 under su(2)L and there are two ßavors of them. Similarly the
right fermions carry a spin 1

2 under the su(2)R and there are two ßavors of these too. The
charge of the state is given by (j , øj ) = (j 3

L , j 3
R ).

Consider one copy of the c= 6 CFT and look at the left sector. The fermions can be ant i-
periodic around y (NS sector) or periodic (R sector). TheNS vacuum has dimension and central
charge zero, h= j= 0. The NS sector ground state can be mapped to the R sector ground state
and the subsequent excited states by spectral ßow [10], under which the conformal dimension
and charge change as

h! = h + %j + %2 c
24

(5.74)

j ! = j + %
c

12
(5.75)

11

16 = ! 3 ! (! 3)7 + (0)2 ! | ! 6 ! (! 3)2 + (0)7| ! 2

=

Our model gives agreement with grav. energy



Width of instability: growth rate

- Earlier result: reproduced Hawking radiation

- similar model: fermions and bosons on the string 
thermally distributed

- Take interaction vertex from those calculations

- Find decay rate for our non-thermal fermions

! l =
4!

(l !)2

!
Q1Q5

4R2

" l +1

" 2( l +1)



But this is the spontaneous part of decay

dN
dt

= !

Stimulated emission would give

dN
dt

= ! (1 + N )

Is it LASER ?            No
X

No mirror



Recall CFT was symmetrized

1+1 (4,4) CFT with target space (T4)N/SN

transition between two BECs

di! erent ways to select which n + 1 atoms will be de-excited. Thus the state with any given set
of atoms de-excited will appear in our sum

N Cn ! (N " n)
N Cn+ 1

(6.153)

t imes. Thus we Þnd

(
!

i

öOi )|n, k#=
" 1

#
N Cn

$" N Cn ! (N " n)
N Cn+ 1

$
%

&| $ . . . $
' ( ) *

n+ 1

%. . . %
' ( ) *
N ! n! 1

#+ per mutations

+

, (6.154)

The number of terms in the square bracket on the RHS is N Cn+ 1, and each of these terms is
orthogonal to the others since they all correspond to di! erent sets of atoms being de-excited.
We can therefore write the terms in the square bracket in terms of a normalized state

(
!

i

öOi )|n, k# =
" 1

#
N Cn

$" N Cn ! (N " n)
N Cn+ 1
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But " 1
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$
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N " n

&
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Thus
(
!

i

öOi )|n, k#=
&
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Similarly, we Þnd
(
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öO 
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&
N " n + 1
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n|n " 1, k# (6.159)

and overall we get
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n + 1
&

k + 1|n + 1, k + 1#+ ! "
&

N " n + 1
&

n
&

k " 1|n " 1, k " 1#
(6.160)

This relat ion has a simple interpretat ion. The state |n, k#had N " n atoms in the excited state
and n atoms in the de-excited state. We can regard the act ion of

.
i

öOi as annihilat ing an
excited atom and creat ing a de-excited atom. Since the atoms in each state behave as ident ical
bosons, we get a factor

&
N " n from annihilat ing the excited atom, and a factor

&
n + 1 from

30

N-n  excited

n  de-excited

k  scalars

Scalars escaping:   n can only go to n+1

dn
dt

= |! |2(N ! n)(n + 1) " |! |2N (n + 1)

X



- decay of excited state the quanta in the wave grows 
as

dN
dt

= ! (N + 1)

- identify spontaneous emission part to the black 
hole decay rate

- for large N the spontaneous part is negligible and we 
get

N = N0e! l t

- wave grows as

I m(! ) =
1
2

! l =
2"

(l !)2

!
Q1Q5

4R2

" l +1

! 2( l +1)

!
N Model 

agrees with 
grav. decay 
width



Conclusion

Emission from non-extremal fuzzball found

On the CFT side process same as Hawking Radiation

Hawking pair interpretation

Suggests a non-rotating fuzzball could have ergoregion 
like regions while having net angular momentum zero

For generic fuzzball population of each kind of 
component string is small so the above process will 
manifest itself as Hawking radiation



2 T he non-ext remal microst at e geomet r ies: Review

In this sect ion we recall the microstate geometries that we wish to study, and explain how a
suitable limit can be taken in which the physics can be described by a dual CFT.

2.1 General nonext remal geomet r ies

Let us recall the set t ing for the geometries of [13]. Take type I IB string theory, and compact ify
10-dimensional spacet ime as

M 9,1 ! M 4,1 " T4 " S1 (2.1)

The volume of T4 is (2! )4V and the length of S1 is (2! )R. The T4 is described by coordinates
zi and the S1 by a coordinate y. The noncompact M 4,1 is described by a t ime coordinate t, a
radial coordinate r , and angular S3 coordinates " , # , $. Thesolut ion will have angular momenta
along # , $, captured by two parameters a1, a2. The solut ions will carry three kinds of charges.
We have n1 units of D1 charge along S1, n5 units of D5 charge wrapped on T4 " S1, and np

units of momentum charge (P) along S1. These charges will be described in the solut ion by
three parameters %1, %5, %p. We will use the abbreviat ions

si = sinh %i , ci = cosh %i , (i = 1, 5, p) (2.2)

The metrics are in general non-extremal, so the mass of the system is more than the minimum
needed to carry these charges. The non-extremality is captured by a mass parameter M .

With these preliminaries, we can write down the solut ions of interest . The general non-
extremal 3-charge metrics with rotat ion were given in [23]
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where

÷Hi = f + M sinh2 ! i , f = r 2 + a2
1 sin2 " + a2

2 cos2 " , (2.4)

The D1 and D5 charges of the solut ion produce a RR 2-form gauge Þeld given by [6]

C2 =
M cos2 "

÷H1
[(a2c1s5cp ! a1s1c5sp)dt + (a1s1c5cp ! a2c1s5sp)dy] " d#

+
M sin2 "
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The angular momenta are given by

J! = !
%M

4G(5)
(a1c1c5cp ! a2s1s5sp) (2.6)

J" = !
%M

4G(5)
(a2c1c5cp ! a1s1s5sp) (2.7)

and the mass is given by

M AD M =
%M

4G(5)
(s2

1 + s2
5 + s2

p +
3
2

) (2.8)

It is convenient to deÞne

Q1 = M sinh ! 1 cosh ! 1, Q5 = M sinh ! 5 cosh ! 5, Qp = M sinh ! p cosh ! p (2.9)

Extremal solut ions are reached in the limit

M # 0, ! i # $ , Qi Þxed (2.10)

whereupon we get the BPS relat ion

M extr emal =
%

4G(5)
[Q1 + Q5 + Q5] (2.11)

The integer charges of the solut ion are related to the Qi through

Q1 =
g&!3

V
n1 (2.12)

Q5 = g&!n5 (2.13)

Qp =
g2&!4

V R2 np (2.14)

2.2 Const ruct ing regular microst at e geomet r ies

The solut ions (2.3) in general have horizons and singularit ies. One can take careful limits of
the parameters in the solut ion and Þnd solut ions which have no horizons or singularit ies. In
[24] regular 2-charge extremal geometries were found while in [6, 7] regular 3-charge extremal

5
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