
How Fuzzballs solve the 
black hole information paradox

Work done with
B. Chowdhury, S. Giusto, O. Lunin,  A. Saxena,  Y. Srivastava 



The entropy problem! Rs (101)

P =
2! np

L
(102)

=
2! n1np

n1L
=

2! n1np

LT
(103)

! [
"

n1n5npg2" !4

LS1 VT 4
]

1
3 (104)

Sbek =
A
4G

(105)

eSbek (106)

7

Can we show that there are  
          states of the hole ? 
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(Bekenstein, 72)

Black holes behave as if they have an entropy given by
their surface area

But statistical mechanics then says that there should be 
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states of the hole for the same mass and charge

(Classical relativity Þnds
 that black holes have no hair,
so there is only one state)



Hawking radiation

The informat ion problem



Large distance
(much bigger than planck length)

How can the Hawking radiation carry 
the information of the initial matter ?

If the radiation does not carry the information,
then the Þnal state cannot be determined from the initial 
state, and there is no Schrodinger type evolution equation 
for the whole system. 

So we lose quantum theory ... 



In string theory, we must make black holes from the objects present
in string theory.

A simple example: 2-charge holes  
                                          (Susskind,  Sen,  Vafa Õ94-Õ95)
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A black hole wit h winding charge only
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(Does not grow with         ) 
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Horizon is singular

Bekenstein entropy vanishes
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(Does not grow with         ) 
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Now let us make a black hole with these charges ...
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(Dabholkar Õ04)

So the 2-charge hole  (ÔSen-Vafa holeÕ)
gives a complete story for
black hole entropy in string theory ......



The 2-charge black hole is called the Ôsmall black holeÕ
since R  corrections to the action affect its horizon area

To get a black hole whose area is given by just the usual 
Einstein action R, we need 3 charges ...
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Make a bound state
of 3 kinds of charges
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Vibrations of effective string are partitioned into harmonics in 
usual way
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Make a black hole with momentum, 
winding, 5-brane charges ....
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8(Strominger and Vafa, 1996)

Thus at least for extremal black holes (mass=charge) 
we understand something about the entropy from a 
microscopic viewpoint ...

Near-extremal holes have also been 
understood ... (Callan and Maldacena 1996)
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Recall the way we made the 2-charge black hole ...

This allowed us to count the 
states of the black hole, so 
we solve the entropy 
problem, but what about the 
information puzzle?



A key point

The elementary string (NS1) does not have any LONGITUDINAL 
vibration modes

This is because it is not made up of
Ômore elementary particlesÕ Not a mode for the 

elementary string

Thus only transverse oscillations are
permitted

This causes the string to spread over
a nonzero transverse area

Momentum is carried
by transverse
oscillations
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ÔNaive
geometryÕ

An Ôactual 
geometryÕ



Making the geometry 

We know the metric of one straight strand 
of string 

We know the metric of a string
carrying a wave --  ÔVachaspati transformÕ

We get the metric for many 
strands by superposing harmonic 
functions from each strand

(Dabholkar, Gauntlett,Harvey, Waldram 
Õ95, Callan,Maldacena,Peet Õ95)

In our present case, we have a large
number of strands, so we Ôsmear over
them to make a
continuous ÔstripÕ (Lunin+SDM Õ01)



In thi s caseneighboring strands give very similar contri butions to the harmonic functi ons in
(??), and we may replacethe sum by an integral

n1!

s=1

!
" n1

s=0
ds =

" 2! Rn1

y=0

ds
dy

dy (5.15)

Since the length of the compaciÞcation circle is 2! R we have

ds
dy

=
1

2! R
(5.16)

Also, since the vibrati on proÞleis a function of v = t " y we can replace the integral over y by
an integral over v. Thus we have

n1!

s=1

!
1

2! R

" L T

v=0
dv (5.17)

where
L T = 2! Rn1 (5.18)

is the total rangeof the y coordinate on the mult iwound string. Finally, note that

Q(i )
1 =

Q1

n1
(5.19)

We can then write the NS1-P solution as

ds2
str in g = H [" dudv + K dv2 + 2Ai dxi dv] +

4!

i =1

dxi dxi +
4!

a=1

dzadza

Buv =
1
2

[H " 1], Bvi = H Ai

e2" = H (5.20)
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dv
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|"x " "F (v)|2
(5.22)
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0

dv úFi (v)

|"x " "F (v)|2
(5.23)

5.1 Obtai ning the NS1-NS5 geomet r ies

From (??) we see that we can perform S,T dualiti es to map the above NS1-P solutions to
NS1-NS5 solutions. For a detailed presentation of the steps (for a speciÞc "F (v)) see [?]. The
computati ons are str aightf orward, except for one step where we need to perform an electric-
magnetic dualit y. Recall that under T-dualit y a Ramond-Ramond gaugeÞeld form C(p) can
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ÔEffective stringÕ with
total winding number 

A Þnal step: Use dualit ies to map to D1-D5
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 ÔSupergravity supertubesÕ
(Emparan+Mateos+Townsend Õ01)

Geometry for D1-D5
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Scale of t he Ôf uzzballÕ

(Lunin+SDM Õ02)
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CFT state

D1-D5 
gravity
dual

r = 0 (129)

r = 2M (130)
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   S,T
dualities



A simple example

NS1- P : one turn
of a uniform helix

D1-D5: CFT state
has all loops
Ôsingly woundÕ,
and all spins aligned

Make metric from
proÞle function F
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going over to 
ßat space at
inÞnity



and for k ! 0

| " k#total = (J + ,tota l
! (2k! 2))

n1n5 (J + ,total
! (2k! 4))

n1n5 . . . (J + ,total
! 2 )n1n5 (J + ,total

0 )n1n5 |1#total (2.15)

Similarly, for k > 1

|k#total = (J ! ,total
! (2k! 2))

n1n5 (J ! ,total
! (2k! 4))

n1n5 . . . (J ! ,total
! 2 )n1n5 |1#total (2.16)

3 Constr ucti ng t he gravit y dual s

In [?] the 2-charge D1-D5 solutions werefound by dualizing to the FP system, which has
a fundamental string (F) wrapped on S1 carrying momentum (P) along S1. Metrics for
the vibrating string were constructed,and dualized back to get D1-D5 geometries.The
general geometry was thus parametrized by the vibration proÞle !F (v) of the F string.
But a 1-parameter subfamily of theseD1-D5 geometrieshad beenfound earlier [?, ?], by
looking at extremal limits of the generalaxially symmetric D1-D5 geometry found in [?].

We do not have an analogue of the procedureof [?] for 3-charge systems. We will
follow instead the analogue of [?, ?] and take an extremal limit of the general 3-charge
solution to obtain solutions with D1, D5 and P charges. Taking the limit needssome
care, and it will be important to know in advance the properties of the CFT states for
which we will be Þnding the duals. The procedure will give us the duals of the states
|n#total which were discussedin the last section. We will Þnd that the dual geometries
are completely smooth, with no horizon and no singularit y.

3.1 Spectral ßow in t he gravit y descript ion

In [?, ?] the following 2-charge D1-D5 solution was found (sett ing Q1 = Q5 = Q for
simplicity)

ds2 = "
1
h

(dt2 " dy2) + hf
!

d" 2 +
dr2

r 2 + a2

"
"

2aQ
hf

(cos2 "dyd# + sin2 "dtd$)

+ h
#!

r 2 +
a2Q2 cos2 "

h2f 2

"
cos2 "d# 2 +

!
r 2 + a2 "

a2Q2 sin2 "
h2f 2

"
sin2 "d$2

$
+ dzi dzi

(3.1)

where
a =

Q
R

, f = r 2 + a2 cos2 " , h = 1 +
Q
f

(3.2)

Let R >>
$

Q. In the region r <<
$

Q the geometry (??) becomes

ds2 = "
(r 2 + a2 cos2 " )

Q
(dt2 " dy2) + Q

!
d" 2 +

dr2

r 2 + a2

"

" 2a(cos2 "dyd# + sin2 "dtd$) + Q(cos2 "d# 2 + sin2 "d$2) (3.3)
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Piece of
global

!
! !

! ! <
g2! !3n1np

V4LM

" ls " lp " (n1n5)! lp

L, V4, g

AdS3 # S3 # T4

4

Field theory representation
of brane state

Geometry created 
by this state

many ÔbitsÕ

The horizon of 2-charge holes needed higher derivative corrections

Consider D1-D5-P,  which does not need such 
corrections at leading order



The numerator is r 2dr2 = r 2
N dr2

N , and we get a cancellation of the factors r 2
N . We will

seebelow that in the extremal metric the point rN = 0 acts like an origin of polar
coordinates, so the choice (??) is the correct one to deÞnea coordinate rN with range
(0, ! ).

We alsoÞnd that other terms in the metric and gauge Þeldare Þnite in the extremal
limit; this can be veriÞedusing (??),(??). We get the extremal solution (in the string
frame)

ds2 = "
1
h

(dt2 " dy2) +
Qp

hf
(dt " dy)2 + hf

!
dr2

N

r 2
N + a2!

+ d" 2

"

+ h
!

r 2
N " na2! +

(2n + 1)a2! Q1Q5 cos2 "
h2f 2

"
cos2 "d# 2

+ h
!

r 2
N + (n + 1)a2! "

(2n + 1)a2! Q1Q5 sin2 "
h2f 2

"
sin2 "d$2

+
a2! 2Qp

hf

#
cos2 "d# + sin2 "d$

$2

+
2a

#
Q1Q5

hf

%
n cos2 "d# " (n + 1) sin2 "d$

&
(dt " dy)

"
2a!

#
Q1Q5

hf

%
cos2 "d# + sin2 "d$

&
dy +

'
H1

H5

4(

i =1

dz2
i (4.21)

C2 =
a
#

Q1Q5 cos2 "
H1f

(" (n + 1)dt + ndy) $ d#

+
a
#

Q1Q5 sin2 "
H1f

(ndt " (n + 1)dy) $ d$

+
a! Qp#

Q1Q5H1f
(Q1dt + Q5dy) $

#
cos2 "d# + sin2 "d$

$

"
Q1

H1f
dt $ dy "

Q5 cos2 "
H1f

#
r 2

N + (n + 1)a2! + Q1
$

d# $ d$ (4.22)

e2! =
H1

H5
(4.23)

f = r 2
N " a2! n sin2 " + a2! (n + 1) cos2 "

h =
)

H1H5, H1 = 1 +
Q1

f
, H5 = 1 +

Q5

f
(4.24)
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The numerator is r 2dr2 = r 2
N dr2

N , and we get a cancellation of the factors r 2
N . We will

seebelow that in the extremal metric the point rN = 0 acts like an origin of polar
coordinates, so the choice (??) is the correct one to deÞnea coordinate rN with range
(0, ! ).

We alsoÞnd that other terms in the metric and gauge Þeldare Þnite in the extremal
limit; this can be veriÞedusing (??),(??). We get the extremal solution (in the string
frame)
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"
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4.2 Taki ng t he ext remal l im it

To get the extremal limit we must take

M ! 0, ! i ! " (i = 1, 5, p) (4.11)

keepingthe Qi Þxed. This gives

cosh2 ! i =
Qi

M
+

1
2

+ O(M )

sinh2 ! i =
Qi

M
#

1
2

+ O(M ) (4.12)

We must also take suitable limits of a1, a2 so that the angular momenta are held Þxed.
It is useful to invert (??):

a1 = #
$

Q1Q5

M

" 1 cosh! 1 cosh! 5 cosh! p + " 2 sinh! 1 sinh! 5 sinh! p

cosh2 ! 1 cosh2 ! 5 cosh2 ! p # sinh2 ! 1 sinh2 ! 5 sinh2 ! p

a2 = #
$

Q1Q5

M

" 2 cosh! 1 cosh! 5 cosh! p + " 1 sinh! 1 sinh! 5 sinh! p

cosh2 ! 1 cosh2 ! 5 cosh2 ! p # sinh2 ! 1 sinh2 ! 5 sinh2 ! p
(4.13)

Using (??) we Þnd

a1 = # (" 1 + " 2) #

!
Qp

M
#

" 1 # " 2

4

"
M

Qp
+ O(M3/ 2)

= # a #

!
Qp

M
+ a

2n + 1
4

"
M

Qp
+ O(M3/ 2)

a2 = # (" 1 + " 2) #

!
Qp

M
+

" 1 # " 2

4

"
M

Qp
+ O(M3/ 2)

= # a #

!
Qp

M
# a

2n + 1
4

"
M

Qp
+ O(M3/ 2) (4.14)

wherewe have deÞnedthe dimensionlesscombination

# %
Q1Q5

Q1Q5 + Q1Qp + Q5Qp
(4.15)

and in the second equalities we have used the speciÞcvaluesfor " 1 and " 2 given in (??).
We thus seethat for generic valuesof " 1, " 2 and Qp the parametersa1 and a2 diverge

when M ! 0. There are two exceptions:
(a) Qp = 0, which is the caseconsideredin [?, ?]; in this casea1 and a2 go to Þnite values
when M ! 0.
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Non-ext remal hole (Jejalla, Madden, Ross 
Titchener Õ05)

Geometry has a classical
Ôergoregion instabilityÕ

(Cardoso, Dias, Jordan, Hovdebo, 
Myers, Õ06)

The same process that gives Hawking radiation from the black hole 
now gives us the exact frequency of the instability (Chowdhury + 
SDM (2007)

One (non-typical) microstate
of a non-extremal hole
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small g

large g

Conventional
picture

Fractionation
       ÔFuzzballÕ

Summary of t he fuzzball picture



The structure of ext remal holes

InÞnite throat

horizon

singularity
Ôfuzzball
capÕ



! 

F(y " ct)

ÔFuzzballÕ

Classical states and quant um fuzzballs

Fix Total Energy

Put energy in a few
harmonics, large 
occupation number
for each harmonic

Coherent 
state

Energy in
many harmonics,
occupation number
order unity in each

Generic
quantum
state

Size depends on mean harmonic order, fluctuations 
depend on occupation number



Summary

(A)  Fuzzball picture offers a resolution of the information paradox ... 

! 

lp

! 

N"

! 

lp

(B) Lessons must be very general, with applications to other 
places ...e.g. Cosmology

Can we (should we) ask the question: What is the most entropic state in 
string theory when the energy density is taken to inÞnity?


